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Abstract 



We investigate the black hole - string transition in the two-dimensional Lorentzian 
black hole system from the exact boundary states that describe the rolling D-brane 
falling down into the two-dimensional black hole. The black hole - string phase tran- 
sition is one of the fundamental properties of the non-supersymmetric black holes 
in string theory, and we will reveal the nature of the phase transition from the ex- 
actly solvable world-sheet conformal field theory viewpoint. Since the two-dimensional 
Lorentzian black hole system (SL(2;M)] C /U(1) coset model at level k) typically ap- 
pears as near-horizon geometries of various singularities such as NS5-branes in string 
theory, our results can be regarded as the probe of such singularities from the non- 
supersymmetric probe rolling D-brane. The exact construction of boundary states for 
the rolling DO-brane falling down into the two-dimensional D-brane enables us to probe 
the phase transition at k = 1 directly in the physical amplitudes. During the study, we 
uncover three fundamental questions in string theory as a consistent theory of quan- 
tum gravity: small charge limit v.s. large charge limit of non-supersymmetric quantum 
black holes, analyticity v.s. non-analyticity in physical amplitudes and physical observ- 
ables, and unitarity v.s. open closed duality in time-dependent string backgrounds. 
This work is based on the PhD thesis submitted to Department of Physics, Faculty of 
Science, University of Tokyo, which was defended on January 2007. 
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1 Introduction 



Prom the Heaven 

A luminous star, of the same density as the Earth, and whose diameter should be two 
hundred and fifty times larger than that of the Sun, would not, in consequence of its attraction, 
allow any of its rays to arrive at us; it is therefore possible that the largest luminous bodies 
in the universe may, through this cause, be invisible (Laplace: 1798). It was Laplace who 
first predicted the existence of the black hole from the Newtonian mechanics. More than a 
hundred years later, in 1915 when he was serving in Russia for World War I, Schwarzshild 
discovered the exact static black hole solution in Einstein's general relativity. Ever since, 
the black hole has continued to attract our broad attention in theoretical physics. 

Black holes are fascinating and indeed mysterious. It is remarkable that some properties 
of the black hole are quite reminiscent of those of the thermodynamics: it has a definite 
temperature, energy and entropy, and moreover it satisfies the thermodynamical laws. To 
understand this coincidence, it had been long suggested that the quantum gravity would 
explain the microscopic statistical origins of the thermodynamic properties of the black hole. 
Furthermore black holes challenge the validity of the quantum mechanics. The Hawking 
radiation, predicted from the quantum mechanics, leads to evaporation of the black hole, 
which ironically results in the failure of the unitary evolution of the quantum system. These 
mysterious natures of the black holes have continued to enchant generations of theoretical 
physicists. 

Over this past two decades, theoretical physicists have gained more and more confidence 
in string theory as a candidate for the final theory of everything. The theory of everything, 
from its tacit implication, should include a consistent theory of quantum gravity with suffi- 
cient predictive power. The best arena to test the quantum gravity is quantum black hole 
systems, where the semiclassical analysis leads to the puzzling issues raised above. Whether 
the string theory resolves these issues or not is a big challenge to string theorists. 

One of the greatest achievements of the string theory so far is to yield a microscopic 
explanation of the entropy for (near) BPS black holes with large charges. The string theory, 
along with various dualities, has enabled us to "count" microscopic states forming such 
black holes. The counting successfully agrees with the classical Bekenstein Hawking entropy 
formula of the corresponding macroscopic black hole. 

The situations, however, still remain unclear when one studies non-BPS black holes 
with small charge. The large quantum corrections, both in string coupling constant and 
large curvature effects, prevent us from the quantitative enumeration of quantum states 
corresponding to the black hole. Qualitatively, it has been suggested that the so-called black 
hole - string phase transition occurs when we consider such a small charge black hole. One 
of the motivation of this thesis is to understand the black hole - string phase transition in 
exactly solvable string theory backgrounds. 

In this thesis, we study the exact dynamics of rolling D-brane in the two-dimensional 
black hole system. The two-dimensional black hole system not only gives a toy model for the 
exactly solvable black hole systems in string theory, but also it can be embedded in the full 
superstring theory as a solution corresponding to black NS5-branes. Although our model is 
rather specific, we will uncover many important and universal features of quantum gravity 
such as the black hole - string transition. In particular We would like ask three fundamental 
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questions about the nature of the quantum gravity, or string theory as a candidate for the 
theory of everything. 

The first problem we would like to ask in this thesis is the small charge limit of the 
non-supersymmetric black hole and its relation to the black hole - string transition. By 
studying the black hole - string transition in the two-dimensional black hole, we would like 
to explicitly show the phase transition between the large charge limit and the small charge 
limit of the non-BPS black hole systems. The origin of the phase transition is the existence 
of two characteristic temperatures in the string theory: the one is the Hawking temperature 
associated with the Hawking radiation from the black hole, and the other is the Hagedorn 
temperature of the underlying string theory. The relation between the two temperatures is 
of utmost importance in understanding the black hole - string phase transition, and we will 
show that the phase transition occurs exactly when these two temperatures coincide in the 
two-dimensional black hole system by examining the properties of the exact probe rolling 
D-brane boundary states. 

A related issue is whether the genuine two-dimensional non-critical string theory (i.e. the 
target space is two-dimensional) admits a black hole solution. The question has remained 
long unanswered. Actually, the two-dimensional black hole in the two-dimensional non- 
critical string theory is located well below the black hole - string phase transition point, 
suggesting the difficulty of physical interpretations as a black hole. Our study will also 
support this argument in a negative way. 

The second problem we would like to investigate in this thesis is the relation between the 
analyticity and non-analyticity in amplitudes and physical quantities. It is well-known that in 
the super symmetric situations, holomorphy (analyticity) plays a crucial role in determining 
exact BPS properties of the theory. On the other hand, to discuss phase transitions such as 
the black hole - string transition, the non-analyticity of the physical quantities is essential. 
Throughout this thesis, the interplay between the analyticity and non-analyticity appears 
intermittently. Especially, we highlight the universality of the decaying D-brane and the 
subtleties associated with Wick rotation in curved spaces in this context. 

The third problem we would like to study is the consistency between the unitarity and the 
open-closed duality. The unitarity is one of the crucial ingredients of the quantum theory. 
In the first quantized string theory, however, the unitarity in time-dependent background is 
not always manifest, especially in the Euclidean world-sheet formulation. The simplest con- 
sequence of the unitarity is the optical theorem. In the time-dependent physics associated 
with the D-brane decay, however, it is not apparently obvious whether the analytic contin- 
uation involved is consistent with the requirement from the unitarity. Indeed, the abuse 
of the careless Wick rotation between the Lorentzian world-sheet theory and the Euclidean 
world-sheet theory, would result in inconsistent results, violating the optical theorem, which 
will be only fixed after the careful studies of the neglected pole contributions that appear 
through the process of Wick rotation. The rolling D-brane in the two-dimensional black hole 
system is an excellent arena to check the validities of proposed prescription for the Wick 
rotations given in the literatures. 

Down to Earth 

So far, we have stated the celestial motivations of the thesis. What about the terrestrial 
motivations? In other words, which practical physics can we learn from the study of the 
rolling D-brane in two-dimensional black holes? 
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The dynamics of the rolling D-brane in the two-dimensional black holes closely resembles 
that of the rolling tachyon associated with the D-brane decay in flat space. Indeed, our study 
suggests that this tachyon - radion correspondence shows rather universal features of closed 
string radiation rate from the decaying D-brane. The string (particle) production from the 
time-dependent system such as the dynamical D-brane system itself is an interesting arena 
of theoretical physics, but it also has potential applications to the quantum cosmology based 
on the superstring theory. 

In the recent observational cosmology, the existence of the inflational epoch of our uni- 
verse has been confirmed with increasingly great accuracy. It is, therefore, a great challenge 
for the string theory to provide a natural setup for the inflation. One viable scenario for the 
string inflation is the so-called brane inflation, where the potential between the D-brane and 
anti D-brane provides the inflaton field. Recent studies show that the brane inflation could 
be embedded in the flux compactification of the type II string theory with all moduli fixed. 

The end-point of the brane inflation is the pair annihilation between the D-brane and 
the anti D-brane. This is the point where the effective field theory approximation for the 
brane inflation breaks down and the stringy effects dominate. The reheating of the universe 
associated with the inflation decay is astonishingly different in the brane inflation scenario 
from the conventional field theory scenario. To understand the reheating process with the 
open string tachyon condensation, the universality of the radiation rate of the D-brane decay 
we will discuss in this thesis is crucial. 

We will also see that large closed string loops will form during the D-brane decay and 
they will dominate the radiated energy once the fundamental string charge is induced. The 
subsequent evolution of such macroscopic strings will be of great importance to understand 
and estimate the relic cosmic strings in our universe, which might be observed in near future 
by experiment, directly proving the string theory. 

In this way, the study of the D-brane decay has potential applications to quantum cosmol- 
ogy. We believe that our results, especially the universal properties of the decaying D-branes 
will become fundamental backgrounds for the realistic brane inflation models with successful 
reheating. 

Organization of the Thesis 

The organization of this paper is as follows. In section [2j we review the two-dimensional 
black hole from the space-time viewpoint. In section [31 we review the two-dimensional black 
hole from the conformal field theory viewpoint. In section HJ we introduce the concept of 
the black hole - string transition. In section El we study the rolling tachyon dynamics and 
introduce the tachyon - radion correspondence conjecture. In section El we study the D- 
branes in two-dimensional black hole system in the Euclidean signature. In section [71 we 
construct the exact boundary states for the rolling D-brane in two-dimensional black hole 
in the Lorentzian signature. In section [HI we study the closed string radiation rate from the 
rolling D-brane and probe the black hole - string transition. In section [HI we present some 
discussions and the conclusion of the paper. 

In appendices we collect useful facts used in the main part of the thesis. In appendix [A] 
we fix our conventions and collect useful formulae. In appendix [HI we present miscellaneous 
topics, whose detailed discussions are omitted in the main stream of the thesis. 

A part of the thesis is based on the published papers. In particular, a large portion of 
the discussions in section [7J and [HJ is based on [1, 2J. 
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2 Two-dimensional Black Hole: Space-Time Viewpoint 



In this section, we review the two-dimensional black hole from the space-time viewpoint. 
We will see that the string theory is replete with exactly solvable solutions containing the 
two-dimensional black hole systems. By studying such backgrounds, we can understand the 
a' exact physics of the string theory near singularities. 

The organization of this section is as follows. In section |2~TI we introduce the black NS5- 
brane background as a most typical string solution based on the two-dimensional black hole 
system. In section 12.21 we generalize the construction to study string theory near various 
singularities. In section [2T3l we review the basic aspect of the classical two-dimensional black 
hole system. In particular we focus on the thermodynamic properties in section 12.41 

2.1 (Black) NS5-brane background 

As is often said, the string theory is not a theory of strings only. It turns out to contain 
other higher dimensional nonperturbative objects such as D-branes and NS-branes. Stable 
D-branes are charged under the Ramond-Ramond fields, and defined as objects on which 
perturbative strings can end. On the other hand, NS-branes are charged under the Kalb- 
Ramond field, and do not possess a perturbative definition. They can be constructed as 
solitonic solutions of the equation of motions of the effective supergravity in ten-dimension. 

Historically, all these important ingredients of the string theory are discovered as exact 
(BPS) solitonic solutions of the effective supergravity in ten-dimension. The tension of the 
D-branes is proportional to l/g s while the tension of the NS-branes is proportional to 
where g s denotes the string coupling constant. Hence, in the perturbative limit (i.e. g s — > 0), 
all these objects are infinitely massive compared with the perturbative string spectrum and 
could be neglected as excitations. Rather we regard the existence of such solitonic objects 
as super-selection sectors of the perturbative string theory. 

The moduli spaces of the string theory is connected by various dualities. In particular, 
one of the most important recent achievements is the advent of the gauge - gravity corre- 
spondence. Before this new development, it had been believed that the local quantum field 
theory cannot realize the gravitational theory (Weinberg- Witten theorem [3]). However, 
the holographic realization of the gauge theory avoid this no-go theorem in a remarkable 
manner, and it has enabled us to study the strongly coupled gauge theory from the weakly 
coupled gravity. Explicit realization in the string theory involves the low-energy decoupling 
limit (Maldacena limit [I]) of the localized excitations: the most famous example is the low- 
energy field theory limit of open-string theory living on the D3-brane in flat ten-dimensional 
space, which yields the duality between type IIB string theory on AdS 5 x § 5 and the M = 4 
supersymmetric Yang-Mills theory on R 1 ' 3 (or M 1 x § 3 ) [HE]. 

The decoupling limit of the localized degrees of freedom and the gauge - gravity cor- 
respondence are not only important for the understanding of the strongly coupled gauge 
theories, but also essential to understand the quantum gravitational nature of the string 
theory. What is the microscopic origin of the black hole entropy? What is the fundamental 
degrees of freedom for the quantum gravity? How does (or does not) string theory solve the 
information paradox? These questions have been partially answered from the gauge - gravity 
correspondence of D-branes. The decoupling limit is essentially the near horizon limit of the 
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corresponding supergravity background, and the properties of black hole can be understood 
through the gauge - gravity correspondence in this way. 

For NS5-brane, situations are more involved. Compared with D-branes, the NS5-brane 
is more geometrical in its origin. Indeed, as we will see in section 12.21 it is T-dual to the 
singular geometry, and it appears not obvious what is the localized degrees of freedom in 
the decoupling limit. On the other hand, the closed string background for the near horizon 
limit of the NS5-brane is exactly quantized, so we are able to understand the gauge - gravity 
correspondence beyond the supergravity approximation. 

Our starting point is the supergravity solution for the extremal NS5-brane: the solution 
contains nontrivial dilaton and the metric^] 

ds 2 ee G,AxW = -dt 2 + (l + ^) (dr 2 + r 2 dfi 2 ) + dy 2 5 , e 2 *« = g 2 s (l + , 

(2.1) 

along with k- units of NS-NS H 3 -Hux penetrating through § 3 : 

H mnp = -e mn «d q <Z>(r) , (2.2) 

where x m (m = 6, ■ ■ • , 9) are transverse to the 5-brane. Thus, k refers to the number of 
NS5-branes at r = 0, y are the spatial coordinates of the planar NS5-brane worldvolume, 
and g s is the string coupling constant at infinity. The background preserves 16 supercharges 
of the type II (A or B) supergravity. 

Following the argument of decoupling limit given above, we take the near horizon limit of 
the geometry (12. lj) by zooming in the r 2 -C a 1 region. Neglecting the constant term (i.e. 1) in 
the harmonic function (l + ^§-), we obtain the near horizon limit of the extremal NS5-brane 
background El U EI] 



ds 2 = -dt 2 + ka'dp 2 + ka'dQ 2 3 + dy 2 ^ 



-p + constant 



;2.3) 



where r = \/ka' exp p. This near horizon background remarkably admits an exact conformal 
field theory description involving a linear dilaton theory and SU(2)k super Wess-Zumino- 
Novikov-Witten (WZNW) model§ 



x SU{2) k 







X 

± 


R 5 



(2-4) 



The first part describes the five-dimensional curved space-time transverse to the NS5-brane 
while the second part describes the flat spatial directions parallel to the NS5-brane. The 
criticality condition for superstring theories is satisfied for any k because 



, 6 1 

1 + k + 2 



3 x 



k-2 1 
k + 2 



6 x 



15 . 



(2.5) 



2 Throughout this thesis, we use the string frame for supergravity solutions. 

3 Hcrc, k is the level of total current of super SU(2) WZNW models and is the amount of background 
charge for the linear dilaton system. 
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Although the background is exactly solvable, the string background is singular due to 
the existence of the linear dilaton direction p. In the large negative p, the string coupling 
constant effectively diverges and the string perturbation theory is ill-defined. Physically, 
there exists a core of NS5-branes at r = 0, and the dynamical degrees of freedom on the 
NS5-brane cannot be neglected. 

There are several ways to regularize this linear dilaton singularity so that the string 
world-sheet perturbation theory makes sense with sufficient predictive power. One way to 
do this is to introduce the non-extremality to the geometry. Let us consider the non-extremal 
or black NS5-brane solution in the ten-dimensional type II supergravity: 

<1« 2 = - h - ~ ) <1' 2 + ( ' — ) (— I r*dOj; ) + dy 2 5 , e 2 *« = g 2 ( 1 + 




| - U,V.:;. • - - ./.„ | i r 

(2.6) 

along with fc-units of NS-NS if 3 -flux penetrating through S 3 again. Here r = r is the 
location of the event horizon of the black NS5-brane. 

One type of near-horizon limit is r$ — > and g s — *■ independently, leading to the 'throat 
geometry' of extremal NS5-branes that reduce to (12.31) . Another type of near-horizon limit 
is ro — > and g s —>■ while keeping the energy density above the extremal configuration 
p = r 2 / ' g 2 s a' fixed. It yields 'throat geometry' of the near-extremal NS5-branes (12.61) [TT| [12]: 

k 

ds 2 = - tanh 2 p dt 2 + ka'dp 2 + ka'dQ 2 3 + dy| 5 , e 2 * = g- , (2.7) 

/icosh p 

where r = tq cosh p. For (t, p)-subspace, the metric and the dilaton coincide with those of the 
two-dimensional black hole with a Lorentzian signature. This Lorentzian black hole can be 
described by Kazama-Suzuki supercoset conformal field theory SL(2;R) k /U(l) (where U(l) 
subgroup is chosen to be the non-compact component (i.e. space-like direction)) of central 
charge c = 3(1 +2/k). Likewise, taking account of the NS-NS H^-fiux penetrating through 
S 3 which is omitted in (12.71) . the angular part § 3 can be described by the (super) 577(2)- 
WZNW model as we have seen in the extremal case. In this way, the string background of 
the nonextremal NS5-brane is reduced to a solvable superconformal field theory system^ 



« x SU(2 )t 



Here, the first part describes the five-dimensional curved space-time (including the time 
direction) transverse to the NS5-brane, while the second part describes the flat spatial di- 
rections parallel to the NS5-brane. The criticality condition is satisfied for any k as in ( 12. 5ft . 

As we will review in the next section, the classical geometry of the two-dimensional black 
hole itself is not singularity free. This is because although in the Schwarzshild-like coordinate 
used in ( 12.71) there is no singularity at all, the event horizon exists at p = 0, and we can 
extend the coordinate inside the horizon. In the maximally extended geometry, we observe a 
curvature and dilaton singularity as is the case with the usual Schwarzshild black hole. It is 



4 Here again, k denotes the level of total current of super WZNW models. Namely, k + 2, k — 2 are the 
levels of bosonic SL(2) and SU(2) currents. 
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interesting, however, despite the appearance of the singularity, the exact SCFT formulation 
appears perfectly well-defined, at least formally. 



Another way to regularize the linear dilaton singularity, while keeping the space-time 
supersymmetry in contrast with the above non-extremal resolution, is to separate the position 
of the NS5-branes in a ring-like manner and study the smeared solution [13] (see also p3l[T5]). 
The background is described by the coset model 



SL(2;\ 



U(l) 



Ik x SU(2) k 



[/(!) 



X 



>1,5 



(2.9) 



Here orbifold serves as a GSO projection^] that restricts the spectrum to the sector with 
integral U(1)r charge so that the space-time supercharge is well-defined. Intuitively, we have 
extracted a particular £7(1) direction from the SU(2) WZNW model and combined it with 
the linear dilaton direction to construct the Euclidean SL &^ k coset model by a marginal 
deformationJ§ The linear dilaton direction together with the £7(1) direction is deformed to 
the SL @'^ k coset model that does not possess a dilaton singularity. 



U(l) 

To see the geometrical meaning of this deformation, we write the coset part 



SL{2:1 



1/(1) 



X 



SU(2) k 
1/(1) 



as 



ds 2 = a'k(d6 2 + tan 2 9d(j) 2 2 + dp 2 + tanh 2 pd0 2 ) , e 



2* 



1 



cos 2 9 cosh p 



(2.10) 



It is interesting to note that this geometry does not admit any Killing spinor needed for an 
apparent supersymmetry: the supersymmetry will be recovered after taking the orbifold 
[H] (see also [T71 [T51 EE] for earlier discussions). The Z fc orbifold is defined as (<f>i,<j>2) ~ 
(0i + 2ir/k, (f> 2 + 2ir/k). We define new coordinates 



so that the orbifold simply acts as 
metric reads 



ds 2 = a'k(d6 2 + dp 2 tanh 2 pd<p\) + 2a' tanh 2 



(2.11) 

In the new coordinates, the 



(2.12) 



02 + 2/r) 

^2 + ^(tan 2 + tanh 2 p)d(j) 2 2 
k 



Since 02 direction has a usual 27r periodicity, one can perform the T-duality along the 02 
direction. Applying Buscher's rule (see appendix IB.2I) . we obtain 



ds 5 



B 



a'k \^d9 2 + dp 2 + 
a'k tanh 2 p 



tan 2 9 tanh 2 p 
tan 2 6 + tanh 2 p 



1 



tan 6 + tanh p 



tan 2 9 + tanh 2 p 



d0i A d02 



,2$ 



cos 2 6 cosh 2 p(tan 2 9 + tanh 2 p) 



(2.13) 



5 With the abuse of convention, the Gliozzi-Scherk-Olive (GSO) projection has a two-fold meaning in this 
thesis (and in many literatures) . The one is the summation over the spin structure [H] , and the other is the 
restriction to the integral U(1)r charge sector for the internal SCFT. Both are imperative to preserve the 
target-space supersymmetry. 

6 U(1) subgroup here is chosen to be the compact direction. 
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In the asymptotic region p — > oo, we recover the NS5-brane solution (12. 3p . and we can 
also see that the NS5-branes are now localized along the ring 9 — p = 0, where the dilaton 
diverges (see figured] for a description of our coordinate system). In other words, the NS5- 
branes are located along the ring in the (x 8 ,x 9 ) planeQ In this sense, the geometry still 
appears singular, but as we will discuss later, this is just an artefact of loose applications 
of T-duality: the trumpet singularity in (12 . 1 3[) will be resolved by the "winding tachyon 
condensation" . Another quick way to see the absence of singularity is to revisit our starting 
point (I2.10p : it does not possess any dilaton singularity. It is also clear that the coset (12.91) 
is manifestly singularity free as an SCFT up to a harmless orbifold structure. 

Although we will not explicitly do it here, we can begin with the appropriate (smeared) 
harmonic function ansatz for the ring-likely distributed NS5-branes and reproduce the metric 
(I2.13P purely from the supergravity solution by taking a suitable near horizon limit [T3] . In 
this approach, the space-time supersymmetry is manifest. 



Figure 1: NS5-branes are localized along the ring in the (xs,xq) plane with 6 = p = 0. 
2.2 Noncritical superstring and LST 

In section 12.1] we discussed the relation between the two-dimensional black hole systems and 
the near horizon NS5-brane configurations. It is possible to generalize this construction to 
describe the singular limit of the geometry from exactly solvable conformal field theories. The 
construction is similar to the Gepner construction for compact Calabi-Yau spaces [201 |2"T]. 
and it can be named "non-compact Gepner construction" [22], [23], [211 [2H1 [26] [27]. In this 
subsection, we would like to review this construction. Thanks to this generalized "non- 
compact Gepner construction", most of the results we will present in later sections can be 
applied to various singular Calabi-Yau spaces. 

2.2.1 noncompact Calabi-Yau and wrapped NS5-branes 

Our starting points to construct exactly solvable world-sheet conformal field theories for 
singular Calabi-Yau spaces from two-dimensional black hole and minimal models are the 
following two claims. 

7 Our parameterization is x e — po sinh p sin 9 cos tfii , x 7 = po sinh p sin 9 sin <f)\ , x 8 — po cosh p cos 9 cos <p2 , 
x 9 = po cosh p cos 9 sin 2 • 
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Calabi-Yau / Landau-Ginzburg correspondence [281 [2H1 GEH [31 
Let us consider the algebraic varieties defined by 



n+2 

J>?=0 (2.14) 



i=i 



in the weighted projective space WCP n+i (j^, ■ ■ ■ , ^r^j- The Calabi-Yau condition reads 

Xir=i 2 7" = ^ • The Calabi-Yau / Landau-Ginzburg correspondence says that the (quantum 
sigma model defined on the n-dimensional algebraic varieties (12.141) is (weakly) equivalen 
to the M = 2 supersymmetric Landau-Ginzburg orbifold theory with the superpotential 

n+2 

W(X l ) = J2^- (2-15) 

i=i 

The orbifold projection serves as a GSO projection demanding the integrality of the U{1)r- 
charge of the total model. The Calabi-Yau condition can be understood as the criticality 
condition for the SCFT with the central charge c = c/3 = n. 

When all are positive, the resulting model is nothing but the Gepner construction for 
compact Calabi-Yau spaces (see also [33], ED]). When some of are negative, the Calabi-Yau 
manifold is non-compact and the definition of the Landau-Ginzburg orbifold needs extra care 
as we will do it momentarily. 

Landau-Ginzburg / minimal model correspondence [2H] 

The M = 2 supersymmetric Landau-Ginzburg model with the superpotential W(X) = 
X k is equivalent to the M — 2 {k — 2)-th minimal model with the central charge c = c/3 = 
1 — |. The minimal model has an algebraic formulation, but an alternative construction is 
based on the Kazama-Suzuki coset SU(2)k/U(l) associated with the level k SU(2) current 
algebra^ Kazama-Suzuki construction guarantees that the coset CFT associated with the 
M = 1 current algebra actually possesses M = 2 superconformal symmetry when the target 
space is a special Kahler manifold (the hermitian symmetric manifold) [341 [35]. In our 
simplest case, it is indeed the case and the theory is equivalent to the M = 2 minimal 
model0 

We can formally generalize the above discussion to define the M = 2 supersymmetric 
Landau-Ginzburg model with the negative power superpotential W(X) = X~ k . The analytic 
continuation of the central charge for the positive power superpotential yields c = c/3 = l + |. 
The Kazama-Suzuki coset construction has a natural generalization in this case as well. In- 
stead of considering SU(2)k/U(l) supercoset model, we consider SL(2; M)k/U(l) supercoset 
model whose central charge is also given byc = c/3 = l + |. This CFT will be reviewed in 
sectional Since the Lagrangian formulation based on the Landau-Ginzburg model with the 
negative power superpotential does not seem to be well-defined while the SL(2;R) k /U(l) 



8 The precise meaning of the weak equivalence can be found e.g. in |32j . 

9 We always stick to the convention where k denotes the total level of the current algebra: the bosonic 
SU(2) current algebra has the level k — k~2 and the bosonic SL(2; R) current algebra has the level k = k+2. 

10 Actually, if the denominator H in the coset G/H is a Cartan subgroup of G, the coset admits the Af = 2 
superconformal symmetry even if it is a non-symmetric space |36j . 
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coset does, the precise claim of the non-compact Gepner construction is that the Landau- 
Ginzburg orbifold appearing in (I2.15P should be understood as the SL(2;M,) k /U(l) coset 
model. 

At this point, it would be interesting to mention that the formal Landau-Ginzburg de- 
scription suggests a duality between the Af = 2 Liouville theory and the SL(2; R)k/U(l) 
coset model. We begin with the topological path integral for the partition function on the 
sphere: 

Z = f dXdx\e- w ^~ W ^ 
J 9s 

1 „- X -«-x-* (216) 

Introducing the M = 2 Liouville coordinate X~ k = es* with Q 2 = |, we can rewrite the 
path integral (12.161) as 

Z = y"d$d$-^exp (-QRe$-eS* - e £*) . (2.17) 

The important step is to regard the measure factor exp (— QRe$) as a space-dependent 
coupling constant, namely, linear dilaton background with the slope Q. The remaining 
action shows the structure of the M = 2 Liouville superpotential W / ($) = e a . This heuristic 
equivalence between the SL(2; M.)/U(l) coset model and the M = 2 Liouville theory at the 
topological level will be made more precise in later section 13.41 

Now combining these two facts, we can construct the equivalent description for (non- 
compact) Calabi-Yau spaces by considering tensor products of SL(2;M.)/U(1) coset models 
(A/" = 2 Liouville theory) and SU(2)/U(1) coset models (A/" = 2 minimal models) with 
appropriate GSO projections. We call such a construction a generalized (non-compact) 
Gepner construction. 

Let us discuss some simple examples. 

1) Ak-i type ALE spaces 

We take n = 2, and set — r\ = r 2 = k,r\ = r 4 = 2. From the projective invariance, we 
can set %\ = —fj, without loss of generality] 11 ! The resulting algebraic variety is given by 

x k 2 +xl + x\ = ^ k (2.18) 

in C 3 , which is nothing but the A k _\ type ALE space with a deformation parametrized by 
fi. On the other hand, the noncompact Gepner construction yields 



SL(2;R) k x SU(2) k 



U(l) 



U(l) 



(2.19) 



because the massive theory with the quadratic superpotential W(X) = X 2 will decouple 
under the renormalization group flow. We now recognize that the resulting theory is same 



11 Note that we are considering a noncompact space, so the domain of the projective coordinate x\ is in 
* = C-{0}. 
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as the near horizon limit of the k NS5-brane solutions discussed in section 12.11 This shows 
an equivalence between the near horizon limit of k NS5-brane solutions and the type 
ALE spaces. They are indeed related with each other via the T-duality. The deformation 
parameter \x in the ALE space corresponds to the separation of NS5-branes. We can easily 
generalize the construction for other ALE spaces with ADE singularities. 

2) Generalized conifolds 

We next consider the case of Calabi-Yau three-fold (n = 3). We take r 2 ,r 3 ,r i ,r 5 > 
and set 7*1 = 1 — 5 1 _x < 0. After fixing the projective invariance by eliminating xi, the 

resultant Calabi-Yau space is the so-called generalized (deformed) conifold 

x r 2 2 + x r i + x^ + x r 5 5 = fi (2.20) 

in C 4 . Mathematically, we can regard it as a complex structure deformation of the Brieskorn- 
Pham type singularity (see section [2.2.3j) . The Gepner construction leads to the orbifolded 
tensor products of M = 2 minimal models with one SL(2; R)_ ri /[/(l) coset model. The 
simplest example is the case with r\ — — 1 and r 2 = r 3 = r 4 = r 5 = 2. The geometry is the 
deformed conifold: 

x l + x i + x l + x l = f 1 ■ (2.21) 

The noncompact Gepner construction is given by SL(2; M) 1 /f/(l) coset model with the level 
1 parent current algebra. This is the famous Ghoshal-Vafa duality [2*2*] . 

3) ALE(A k _i) fibration over weighted projective spaces 

We finally consider the model with two negative charges: n = 3, r± = — k(l + |^), 
T2 = —k(l + I 2 -), r 3 = k, and r 4 = r$ = 2. The Landau-Ginzburg superpotential is given by 

_fc(l + *i) _fc(l+±2) 

W(X i )=X 1 k2 +X 2 kl +X|. (2.22) 

By introducing new variables: Z = logXi + logX2, Y = fc^ilogXi — kk 2 logX2 and X k = 
e kZ X k , we can rewrite the Landau-Ginzburg superpotential as 

W = e~ kZ (X k + e Y/kl + e- Y/k2 ) , (2.23) 

with the linear dilaton $ = — KeZ. After integrating over Z, the topological path integral 
is localized along the locust 

e w/fci + e -v/k2 +X k + W 2 + W 2 = Q ^ ^ 2 _ 24 ^ 

which shows a structure of ALE(v4fc_i) fibration over WCP 1 (fci, ^2)- The simplest example 
with ki = k 2 , we obtain the ALE(Ak-i) fibration over CPi. The geometry of the two 
SL(2]M.)/U(1) coset and one SU{2) /U{1) coset can be analysed in a similar way as we did 
in section |2~T| and the result is given by the wrapped NS5-brane solution around CPi, where 
we have chosen k\ — k 2 — 1 for simplicity (see [26J for details). This is expected from the fact 
that the Ak-\ singularity is T-dual to flat k NS5-branes and we could perform the fiber- wise 
T-duality for the KLE(Ak-i) fibration over CPi. 

12 We have added the superpotential term W± + Wf by hand to match the dimensionality. 
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The partition functions and elliptic genera of these noncompact Gepner models have 
been studied in [371 [27J [3E]- In this section we restricted ourselves to the Landau- Ginzburg 
construction where the theory is defined as (an orbifold of) the direct product of the Landau- 
Ginzburg models with monomial superpotentials. Geometrically, they corresponded to the 
(deformations of) the Brieskorn-Pham type singularities. It is possible to construct more 
general Landau- Ginzburg orbifolds with generic polynomial superpotentials. The generalized 
models have a potential applications to the singular locus of the M = 2 supersymmetric Yang- 
Mills theories (Argyres-Douglas point) and their deformations. The exact quantization of 
the world-sheet theory beyond the topological subsector, however, is a difficult task and we 
would not pursue these generalizations any further in this thesis. 



2.2.2 singular limit and LST 

In section 2.1, we have discussed that the coinciding k NS5-branes superstring solution corre- 
sponds to the linear dilaton background while the supersymmetric deformation (separation 
of NS5-branes in a ring-like manner) corresponds to the SL(2;M)/U(1) coset background 
(i.e. two-dimensional Euclidean black hole). Here we would like to take the similar singular 
limit in more general noncritical superstring backgrounds discussed in section l2XTll^l 

It is particularly easy to see the singular limit if we start with the M = 2 Liouville 
description: it has a superpotential 

W($)=(ie%*, (2.25) 

and the parameter \i directly corresponds to the deformation parameter appearing e.g. in 
fl2.18p . (12.20p . Thus the singular limit \i — > is equivalent to switching off the Liouville 
potential so that we are left with the linear dilaton theory. The duality between the M = 
2 Liouville theory and SL(2;M)/U(1) coset theory then confirms the statement that the 
singular limits of the non-compact Gepner models correspond to replacing SL(2;M)/U(1) 
coset part by the M = 2 supersymmetric linear dilaton theory with the same central charge 
and the same asymptotic dilaton gradient. 

Let us formulate the proposal discussed above in a more precise way [24J . We begin with 
the type II string theory on a singular Calabi-Yau varieties X 2n with the complex dimension 
n defined as the vicinity of a hypersurface singularity 

F{z u ■ ■ ■ , z n+l ) = (2.26) 

in C n+1 , where F is a quasi-homogeneous polynomial on C n+1 . This means that F has degree 
1 under the C* action: 

z t -> \ n Zi . (2.27) 
Now we can define a locally holomorphic n-form Q as 

a = d **;" Ad * > (2.28) 

dF/dz n+1 



13 What we mean by "noncritical" here is that the SCFTs involved does not necessarily possess an apparent 
10-dimensional background as is the case with the Gepner construction for compact Calabi-Yau spaces. In a 
more specific narrower sense, we sometimes call a theory "noncritical" when it possesses a Liouville direction. 
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on the patch dF/dz n+ i ^ 0. It can be extended to other patches where dFdzi ^ with the 
similar expressions and glued together to form a globally well-defined holomorphic n-form 
with the charge Tq = J2i r i ~~ 1 under the C* action (I2.27p . Such constructed varieties X 2n 
are Gorensteiro equipped with a natural C* action (12.271) by construction. 

We consider the type II string theory on the singular Calabi-Yau varieties x X 2n 

in the vicinity of the isolated singular point yo in the decoupling limit g s — > 0. The proposed 
dual theory is the type II string theory on M^ -1 ' 1 x x A/". Here M is the infrared limit 
of the sigma model on the manifold M = X 2n /~R, , where the division by IR + is an action 
on Zi as (12. 2 7ft with A G IR+, The infrared limho of the sigma model on J\f is given by a 
Landau- Ginzburg model with superpotential F(Zi) and an additional S 1 circle^ Here S 1 
direction corresponds to the U(1)r symmetry associated with the residual U(l) action (12.271) 
with |A| = 1. The quotient space N /U{1) is equivalent to the Landau- Ginzburg model with 
superpotential W = FiZ^) from the standard Landau- Ginzburg / non-linear sigma model 
correspondence. The linear dilaton slope is determined by the total criticality condition of 
the string theory. 

This construction is equivalent to the one discussed above by turning off the M = 2 
Liouville superpotential or SL(2; M.)/U(l) deformation. For later purposes, it is worthwhile 
studying the normalizability of such deformations. Consider the variation of the complex 
structure of X 2n : 

F(zi) +Y^taA a { Zi ) = . (2.29) 

a 

Here t a are complex deformation parameters, and A a (zi) are complex structure deformations 
of the defining equation (12.261) . The Kahler potential of the Weil-Petersson metric for such 
complex structure deformations is given by the formula [39] 

K = - log / QAtt . (2.30) 

To discuss the normalizability of the perturbation associated with A a , we have to evaluate 

fiAfi. (2.31) 



dt a dt a 



This can be done by the simple scaling argument [ID]: if A a scales under (12.271) as A ra , t a 
should scale as A 1_ra , so (12.311) scales with a weight 



+ . (2.32) 



The modes satisfying r a > 1 — are non-normalizable deformations as — > oo while the 
modes satisfying r a < 1 — are normalizable deformations. 



14 Gorenstein means that X 2n — {0} admit a nowhere vanishing holomorphic n-form. 
15 We assume ra > so that Af is Fano meaning that the curvature of the Einstein metric on it is positive. 
16 As a CFT, they are not a simple direct product but an orbifold. We need to impose the GSO projection 
to preserve the target-space supersymmetry. 
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The non-normalizable deformations should be regarded as boundary conditions we have 
to impose at infinity to define a theory. Different boundary conditions would give rise to 
different theories. On the other hand, the normalizable deformations should be regarded as 
fluctuating fields after the quantization. Their values can be varied within a given theory. 
As we will discuss later in section 13.11 the normalizability of the deformations from the 
space-time viewpoint presented here is deeply connected with the normalizability of the 
corresponding operators in the world-sheet M = 2 linear dilaton theory. Indeed, one can 
regard this agreement as a nontrivial support for the duality proposed in [21] and reviewed 
here. 

As an example, let us consider a class of generalized conifolds defined by the hypersurface 



in C 4 . It can be regarded as an NS5-brane wrapped around the Riemann surface H(zi, z%) = 
along the line of arguments reviewed at the end of section 12.2.11 We begin with the A n ^\ 
type Brieskorn-Pham singularity with H(z±, z^) = z™ + , and consider the perturbations of 
the form z® (a = 0, 1, • • ■ , n — 2). U (1) ^-charges are given by = - + | and r a = -. From 
the condition r a > 1 — tq, we conclude that the deformations with 



are non-normalizable [1UJ [21]. We can also understand the normalizability of these defor- 
mations from the dual M = 2 supersymmetric four-dimensional field theory viewpoints by 
studying the Seiberg-Witten theory near the Argyres-Douglas points [HI H2J H3] . 

To conclude this section, we would like to revisit the question: what is the decoupling 
limit of the theory defined on the singularities (I2.26P ? We have reviewed the proposed dual 
string theory defined as (deformations of) the M = 2 linear dilaton theory coupled with the 
Landau-Ginzburg model. We here summarize the low-energy decoupled physics from the 
original NS5-brane construction in flat ten-dimensional Minkowski space. The decoupled 
theory has a conventional name "little string theory (LST)" [44J0 

• As a decoupled six-dimensional theory, it has M = (2,0) (type IIA) or M = (1,1) 
(type IIB) supersymmetry. The theory is non-local. 

• They are classified by the ADE classification. 

• IR limit is the six-dimensional super Yang-Mills theory in type IIB and the six- 
dimensional interacting (2,0) SOFT in type IIA [15] . 

• BPS excitation includes a string with tension l s (little string) and the theory shows 
a Hagedorn-like thermodynamics with the Hagedorn temperature ftu g ~ 27rv / 2fc (see 
section |2~4"1) . Most of these high-energy states are nonperturbative in nature. 

After compactification (by wrapping NS5-branes on projective spaces for instance), we 
have four- (or two-) dimensional effective theory, which includes Seiberg-Witten theory near 
the Argyres-Douglas singularities, corresponding to the Calabi-Yau 3-fold singularities. 

17 See [IS] for an earlier review. 



F(zi) = H( Zl , z 2 ) + zl + z\ 



(2.33) 



a > 



n 

- - 1 

2 



(2.34) 



17 



The properties of these theories, known as the LST, are less known than the field theory 
living on D-branes. However, the closed string dual theory is exactly quantizeable in many 
cases unlike the R-R background in the near horizon limit of the D-branes. The study of 
ol exact information is an interesting subject of its own, besides the application to the dual 
theories, and we will pursue this direction in the following sections. 

2.2.3 obstruction for conical metrics 

So far, we have assumed the existence of the Calabi-Yau varieties defined on the hypersurface 
singularity ( 12. 26ft . In the compact Calabi-Yau case such as the curve defined in ( 12. 14ft . 
Calabi-Yau theorem guarantees the existence of the unique Ricci-flat Kahler metric once the 
Calabi-Yau condition is satisfied. The existence of the Calabi-Yau metric on the hypersurface 
singularities (12.261) . however, is an open problem (see [37] for a review). 

From the C* action ( 12.271) on the complex variables Zi, it is natural to assume the conical 
metric 

ds 2 X 2n = dr 2 + r 2 ds 2 L , (2.35) 

where r < denotes the radial direction M.+ and ds 2 is the Sasaki-Einstein metric of the 
link L associated with the non-compact Calabi-Yau variety X 2n /{0} = R + x L. The Sasaki 
condition is equivalent to the statement that the total metric is Kahler, and the Einstein 
condition is equivalent to the statement that the total metric is Ricci flat. 

It turns out to be extremely difficult to give necessary and sufficient conditions for the 
existence of such conical metric (or alternatively existence of the Sasaki-Einstein metric on 
the link L) while infinitely many examples of explicit metrics have been constructed quite 
recently [SHUHED]. 

For defmiteness we restrict ourselves to the Brieskorn-Pham type singularities defined by 
the particular polynomial 

n+l 

F( Zl ) = J2^ • (2-36) 

i=i 

The corresponding hypersurface singularities X 2n are always isolated and Gorenstein. How- 
ever from the following physical reasoning, we believe that not every singularity possesses a 
conical metric. 

Assuming the existence of such a conical metric, we can compute the volume of such a 
hypothetical Sasaki-Einstein link L by the formula [51] 

Vol(L) = ^ +1 VoKS 2 - 1 ) , (2.37) 

where Vol(§ 2 ™ -2 ) = t—^i O Via the AdS-CFT correspondence, the central charge a of the 
dual SCFT living on D3-branes placed at the tip of the cone is related to the volume of the 

18 We have assumed that the Reeb-vector (conformal i7(l)fl-symmetry) is given by the natural C* action 
(j2.27p . If this is not the case, we have to determine the "correct" Reeb-vector by using the Z-minimization 
[SH[S3] (a-maximization [SI]) principle. 
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Sasaki-Einstein link L [55] as 



1 



(2.38) 



a oc 



Vol(L) ' 



On the other hand, the conjectured a-theorem states that a is a decreasing function during a 
renormalization group flow from UV to IR. Geometrically speaking, the relevant deformations 
to (12. 36ft should increase the volume^ However, this statement is clearly violated in some 
explicit examples such as the series F = zf+z^+z^+zf with k > 4, where Vol(fc+l) > Vol(A;) 
contradicting with the a-theorem. 

Recently, [57] has given two mathematical obstructions for the existence of conical Calabi- 
Yau metric for such varieties. 

The Bishop obstruction 

For the existence of the conical Calabi-Yau metric (12.351) . Vol(L) < Vo^S 2 ™ -1 ) is neces- 
sary. From the dual gauge theory viewpoint, the condition corresponds to the fact that by 
appropriate Higgsing that decreases a, we can reach M = 4 SYM theory. 

The Lichnerowicz obstruction 

When X 2n admits a holomorphic function with £7(1) ^-charge A < 1, the conical Calabi- 
Yau metric does not exist. For the Brieskorn-Pham type singularities, it is equivalent to 
the statement rr> < nr a for any deformation. From the dual gauge theory viewpoint, the 
condition corresponds to the unitarity bound of dual operators for the deformations. It can 
be shown that the Lichnerowicz obstruction also eliminate a possible violation of a-theorem 
for the Brieskorn-Pham type singularities (see appendix IB. 41) . 

As an example let us consider the Calabi-Yau four-fold defined by 



The conical Calabi-Yau metric only exists for k = 2, and other varieties are obstructed from 
the Lichnerowicz bound. Thus the AdS^, x L 7 compactification of M-theory is only possible 
for k = 2. This should be so because otherwise the a-theorem would be violated or the 
weaker energy-condition would be spoiled. 

On the other hand, one can consider the two-dimensional string compactification on such 
a hypothetical conical Calabi-Yau manifold (12.39}) and add Nf fundamental strings on the 
noncompact R 1 ' 1 directions at the tip of the cone. Due to the gravitational backreaction, 
we can see the near horizon geometry would be AdS^ x N with the constant string coupling 
9s ~ 'WJj where M has been introduced in section 12.2.21 denoting the infrared limit of the 
sigma model on the hypothetical Sasaki-Einstein link L associated with (12.39!) . As discussed 
in this section, the Sasaki-Einstein link L is obstructed, but the string theory on AdS% x 
S 1 x (LG(F) ~ Af/U(l)) has a well-defined perturbative description based on the 5L(2;R) 
current algebra with level k times Landau-Ginzburg orbifold defined by F(Zj) (or Af = 2 
minimal model) [5]@ Interestingly, unlike the a-theorem associated with the M-theory 
compactification on AdS% x A/", the c-theorem for the dual CFT of AdS3 x S 1 x (LG(F) ~ 

19 From the pure gravity viewpoint, this is a consequence of the weaker energy condition [56| . 
20 This does not mean the existence of such Sasaki-Einstein metric because we are sitting at the Gepner- 
point of the sigma model, where the geometrical description is questionable due to large a' corrections. 



F = z\ + z 2 2 + z\ + z\ + z\ = . 



(2.39) 
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N /U(l)) is always satisfied because the dual CFT central charge, which is determined from 
the curvature of the AdS 3 ~ SL(2; R), is given by c = 6/cQi@ 

In a similar fashion, the near horizon geometry of every Brieskorn-Pham singularities 
admit the noncritical string construction based on the non-compact Gepner models as we 
have presented in this section irrespective of the above-mentioned obstructions. It would 
be interesting to understand the obstructions of the existence of conical metrics for such 
singularities from the noncritical string theory viewpoint. For instance, we can translate the 
Lichnerowicz obstruction as the claim that every relevant deformations up to z^~ 3 should 
be normalizable. 

2.3 Classical two-dimensional black hole 

In section I2U1 we have introduced the two-dimensional black hole geometry as a near horizon 
limit of the black NS5-brane solutions in the type II superstring theory: 

ds 2 = ka'(- tanh 2 p dt 2 + dp 2 ) , (2.40) 

with nontrivial dilaton gradient e 2 * = — K^— J 22 l It has been claimed in the literature that 

p, cosh p — 

the background is a' exact perturbatively in the type II superstring theory while the bosonic 
two-dimensional black hole might receive perturbative world-sheet a' ~ | corrections [58J. 
We will discuss physical importance of the nonperturbative corrections later in section 13.41 
In this subsection, we review the classical geometry of the two-dimensional black hole. 
First of all, the metric (12.41) has an event horizon at p = 0, but the (t, p) coordinate does not 
cover the whole causal region of the black hole. One can maximally extend the geometry 
( 12.41) by introducing the Kruscal coordinate 

M = sinhpe*, v = - sinh pe~ l , ds 2 = -2k Mv , e 2 * = — — -. (2.41) 

1 — UV /i(l — uv) 

Note that in two-dimension, it is always possible to introduce the conformal coordinate 
(u,v) locally with the conformally flat metric ds 2 = f(u,v)dudv. In this coordinate, the 
event horizon is located at w = 0, and inside the horizon, we encounter singularity at 
uv — 1, where the curvature and the dilaton diverges. The Kruscal diagram can be found in 
figure [2j Causal region of the Lorentzian black hole background has four boundaries: past 
and future horizons TC , and past and future asymptotic infinities X . 

We can also study the global structure of the metric by using the Penrose coordinates, 
and one can write down the Penrose diagram (see figure ED of the two-dimensional black 
hole system, which looks exactly same as that for the four- dimensional Schwarzshild black 
hole system (upon neglecting S 2 angular directions). This is one of the motivations to study 
the two-dimensional black hole system as an exactly solvable toy model for four- dimensional 
Schwarzshild black hole. 

21 For instance, k = f or A n _i type Calabi-Yau four-folds. 

22 We have rescaled the normalization of t for simplicity of notation. We will sometimes do this in the 
following without notice, for it would be convenient to stick to 2ir periodicity in the Euclidean time direction 
after the Wick rotation. 
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Figure 2: Kruscal diagram for the two-dimensional black hole system. 
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Figure 3: Penrose diagram for the two-dimensional black hole. 
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The geodesic motion of a particle with the minimal coupling interaction to the geometry 



S 



I 



ds 



I 



dr 




(2.42) 



where dot denotes the derivative with respect to r, is given by 



u(l — uv) 
v(l — uv) 



= —vu 



,-,2 



■•,2 



(2.43) 



uv 



Later, we will compare this with the string motion and D-particle motion, both of which 
show quite distinct properties. 

Finally, we would like to study the "mass" of the two-dimensional black hole. For this 
purposes, it is convenient to use the Schwarzshild(-like) coordinate (12.61) : 



where r = 2M is the location of the horizon. From the expression, it is clear that we 
can easily shift the value of M multiplicatively M — > aM by the scaling of r as r — > r/a. 
Therefore the physical meaning of the "mass" of the two-dimensional black hole is solely 
determined by the value of the string coupling constant (dilaton) at the horizon r = 2M. 
It corresponds to the fact that the mass parameter M is related to the world-sheet M = 2 
Liouville cosmological constant a in the dual M = 2 Liouville theory, where \x can be shifted 
by the shift of the Liouville coordinate (see section I3~4l for more about the duality). 

Because of this property, the Hawking temperature of the two-dimensional black hole 
is independent of M unlike the case with higher- dimensional black-holes. Similarly many 
features of the string theory in the two-dimensional black hole background such as scattering 



2.4 Wick rotation: thermodynamic properties 

In this section, we would like to study thermodynamic properties of the two-dimensional 
black hole (and hence LST on the black NS5-branes). It is a well-known but profound fact 
that the black hole system shows a thermodynamic properties [6TH |6"T]: 

• Surface gravity k (temperature T) is constant over horizon of stationary black hole 
(the zeroth law: T = ^) 

• dM = ±KdA + ttdQ (the first law: S = f) 

• 5 A > in any physical process (the second law) 

• It is impossible to achieve k = by any physical process (the third law) 
23 It is customary to set M = 1 as we will do in most part of the thesis. 




= r 



(2.44) 




22 



Here M is the mass of the black hole, A = AS is the area of the event horizon (= entropy), 
Q is the charge, and Q is its chemical potential. One of the biggest motivations to study the 
quantum gravity such as the string theory is to understand the black hole thermodynamics 
from the microscopic viewpoint. 

Let us begin with the temperature of the two-dimensional black hole. One convenient 
way to compute the Hawking temperature of black hole systems [62J is to use the Euclidean 
path integral formalism [U3]. In our case, we can study the Wick rotation (i.e. t — > ite) of 
the Lorentzian two-dimensional black hole : 

ds% = tanh 2 p dr| + ka'dp 2 . (2.45) 

To avoid a conical singularity at the origin p = 0, we have to set the periodicity of the 
Euclidean time direction by /3h w = 2ir\/ka': te ~ te + /3h w - In the Euclidean path integral 
formulation, we regard this periodicity as the inverse of the Hawking temperature of the 
black hole: Th„ = -J— = - !, , because in the Matsubara formalism, the periodicity of 
the Euclidean time corresponds to the inverse temperature. Note that in the large k semi- 
classical limit, we have vanishing Hawking temperature so that the back- reaction associated 
with the Hawking radiation is negligible and the black hole geometry is infinitely long-lived 
(i.e. eternal). As we mentioned in section [2731 it is also interesting to note that the Hawking 
temperature does not depend on the mass m of the two-dimensional black hole. In the 
context of the dual LST defined in section 12. 3} we will regard this temperature as the (non- 
perturbative) Hagedorn temperature of the LST. 

There are several derivations of the Hawking temperature other than the Euclidean path 
integral method. Recently [EH EH] proposed a new derivation based on the gravitational 
anomaly in the vicinity of the event horizon^ We briefly review their derivation focusing 
on the two-dimensional case (see [EH ES E3 EO] for related works) . 

Let us take the very near-horizon limit (Rindler-limit)0 of the two-dimensional black 
hole: 

2 ^_ 2(r-r ) 2 Vkrf 2 

x/fccV 2(r-r„) 1 ; 

Now let us suppose we neglect the classically irrelevant in-falling modes of any scalar field 
propagating in the vicinity of the horizon r = r$. The massless scalar fields with this 
boundary condition are effectively chiral, so it will show a gravitational anomaly: 

V M Tt = -^=dpN% (2.47) 



24 See also 66 for a derivation based on the trace anomaly. 

25 Although there is nothing wrong with taking the Rindler-limit in the general relativity, the limit is a 
little bit subtle in the string theory because the string theory introduces a "minimal size" (string scale) to 
the geometry. In our example, the central charge of the original two-dimensional black-hole and its very 
near horizon limit is different, so we need an extra compensation of the central charge in order to preserve 
the criticality condition. Since we are only interested in the classical thermodynamics, we will neglect this 
subtlety for a time being. See also the discussion of stretched horizon of the two-dimensional black holes in 
section |U 
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with the explicit component expression 



Nl = Nl = , NT = — , AT* = . (2.48) 

* r ' * 192vr ka' ' r 1927r(r-r ) 2 V ; 

Especially, it shows a pure flux contribution 

$ = A/TI = 1 , 4 . (2.49) 

To cancel the gravitational anomaly, we need a quantum contribution that can be at- 
tributed to the Hawking radiation from the black hole. The black body radiation with the 
temperature T Hw gives rise to the flux 

$ = ^T£ w , (2.50) 

and the comparison between ( I2.49P and (I2.50P establishes the Hawking temperature Xfiw = 
— 7=. We will later see similar effects related with the choice of boundary conditions of 
wavefunction at the horizon when we study D-brane motions in the two-dimensional black 
hole geometries. 

Let us move on to the other thermodynamic quantities. Since the temperature does not 
depend on the mass of the two-dimensional black hole, we see that the black hole entropy is 
given by 

S(m) = Pu w m = 2ix\J a' km . (2-51) 

In higher dimensions, we could identify the entropy of the black hole as the area of the event 
horizon (i.e. the Bekenstein formula S = j-), but in the two-dimensional space-time, the 
event horizon is just a point and we cannot apply the Bekenstein formula. Instead, we have 
defined the entropy through the thermodynamic relation P = This formula predicts the 
high energy density of states in the LST. Assuming the microscopic explanation of the black 
hole entropy (12.511) from the LST, the density of states of LST should be given by 

p(E) ~ e 2 ^ £ , (2.52) 

in the high energy limit E — ► oo. 
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3 Two-dimensional Black Hole: CFT Viewpoint 



In this section, we review the two-dimensional black hole from the exactly solvable CFT 
viewpoint. We begin with the Euclidean version of the two-dimensional black hole and then 
we move on to the Lorentzian two-dimensional black hole from an appropriate Wick rota- 
tion. This is because the Euclidean version is much better understood than the Lorentzian 
counterpart. 

The organization of this section is as follows. In section 13.11 We begin with the classical 
geometries for the SL(2\M)/U(1) coset model that yields an exact CFT model for the two- 
dimensional black hole system. In section 13.21 we review the Euclidean spectrum of the 
SX(2;R)/[/(l) coset model. In section |3~3| we deal with the Lorentzian case in detail. In 
section [331 we comment the duality between SL(2\M)/U(1) coset model and the M = 2 
Liouville theory and discuss implications of the associated winding tachyon condensation. 

3.1 Classical geometries for SL(2; R)/C/(l) coset 

From the world-sheet viewpoint, the reason why we are interested in the two-dimensional 
black hole system is that we can quantize the string theory on it by using the SL(2; M.)/U(l) 
coset CFT. In this subsection, we would like to overview the correspondence between the 
SL(2;M)/U(1) coset model and the two-dimensional black hole system from the gauged 
Wess-Zumino-Novikov-Witten (WZNW) model construction [7H 1721 173] . 

It is possible to define the coset CFT such as SL(2; R)/[/(l) model purely from the alge- 
braic viewpoint (at least at the level of the left-right chiral SX(2; R)/[/(l) representations: 
the most difficult point is to construct the modular invariant combinations), but we would 
like to begin with the Lagrangian construction based on [7T] . This is because the construc- 
tion directly gives the geometric interpretation of the model as the non-linear sigma model 
on the two-dimensional black hole in the semi-classical limit (k — > oo). The path integral 
formulation based on the Lagrangian can also be used to derive the (formally) modular in- 
variant partition function of the Euclidean two-dimensional black hole [71] (see appendix 

EI). 

The ungauged WZNW model for a general Lie group G has the following action: 

SwzNw(g) = £- f d 2 x^\ 1 i hi{g- 1 d l gg- 1 d j g)+tKT{g) . (3.1) 

The Wess-Zumino term T(g) is given by 

r(<?) = j B ^(9' l dg A g- l dg A g'hlg) , (3.2) 

where B is a three-dimensional manifold whose boundary is S. k denotes the level of the 
current algebra realized by the WZNW model. When the Lie group G is compact, the level k 
should be quantized so that the Wess-Zumino term contributes to the path-integral uniquely 
with an arbitrary choice of B. In our case, however, since the Lie group is non-compact and 
H 3 (SL(2; R), R) = 0, the quantization condition of the level k is not necessary. 



25 



Let G be SL(2; R) for our discussion in the following. The action (13.11) possesses a global 
SX(2;R) x SX(2;R) symmetry g — > agb^ 1 , with a,b G SX(2;R). Quantum mechanically, it 
will be elevated to a current algebra with the level k: the chiral current 

j A (z) = K r It(T A dgg~ 1 ) , (3.3) 
with T 3 = |o"2, T ± = ±|(o"3 ±icri), satisfies the OPE of the affine SL(2; R) K current algebra 

/(^(O) ~ ±^±(0) • (3.4) 

.i + Wr(o)~^-fj 3 (o) 

The bosonic 5X(2;R) WZNW model has the central charge c = We will gauge the 

anomaly free subgroup of the global symmetry of the SL(2; R) WZNW model to obtain the 
Lagrangian formulation for the coset CFT. 

Let us first begin with the Euclidean coset. The SL(2\ R) WZNW model has a negative- 
signature direction in J 3 ~ 102 and the target space is a Lorentzian manifold. We gauge the 
(compact) 17(1) subgroup generated by 

S g = e(ia 2 ■ g + g- (i<r 2 )) , (3.5) 

or by setting 

a = b~ 1 = h=( COS£ . (3.6) 

sin e cos ej 

To promote the global axial symmetry g — > hgh to the gauge symmetry, we have to intro- 
duce the gauge connection A{ that transforms as 5Ai = —die under the gauge transformation 
(13. 6p with a space varying gauge parameter e{xA. The covariantized action reads 

Sgauged = «SwZNw(<7) + 

+ 2~H j d2z ^ Tr ( ia ^ ld 9) + ATt i^dg' 1 ) + AA (-2 + Tr (ia 2 gia 2 g~ 1 )) (3.7) 

We call this gauged WZNW model as SL(2; R) (A) /^(i) axial coset. To obtain the classical 
geometry of the SL{2\ M.)^ /U(l) coset CFT, we will integrate out the gauge field by fixing 
the gauge @ 

, . . / cos 9 sin 9 \ ,„ nN 

o = cosh r + smh r . „ „ . (3.8) 

ysmb 1 —cos 9 J v y 

The resulting sigma model for the gauge fixed coordinate (r, 9) is given by the action 

S = ^- J d 2 z (drdr + tanh 2 rdBdO) , (3.9) 



"In terms of the Euler angle parametrization (see appendix IA.3|) . g = e™ 2 e r<Tl e J<T2 and we set t = 0, 
where = 0—^. It is clear that this gauge fixing is always possible and unique. 
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with the dilaton gradient e 2 * = - eo ^ h a - , which originates from the one-loop determinant 
factor for the gauge field A4. The geometry one can read from the sigma model action is the 
Euclidean two-dimensional black hole we have introduced in section [21 

In the bosonic coset model, we expect a perturbative (and nonperturbative) a' corrections 
for this gauge fixing procedure and the corrected sigma model was proposed in [75J. In 
the supersymmetric Kazama-Suzuki coset, it is believed that there is no perturbative a' 
corrections to the metric. Nonperturbative corrections which will be reviewed in section l3T4"t 
however, are present and they are one of the key elements to understand the "black hole - 
string transition" . 

The Lorentzian coset is obtained by gauging the non-compact subgroup 

Sg = e (0-35- + ga 3 ) . (3.10) 

We fix the gauge by setting 

» = (311) 

with the determinant constraint uv = I — a 2 . The gauge fixing condition is valid for 1 — uv > 
and we can see that u and v are gauge invariant coordinates. With this gauge fixing 
condition^ the target space is spanned by the (u, v) plane. After integrating out the gauge 
field Ai, the resulting sigma model is given by 

S = -J- f dWFiP^ • (3-12) 

47T J 1 — uv 

which reproduces the classical two-dimensional black hole system discussed in section |2j 
Here we have used the Lorentzian signature world-sheet so that the sigma model with a 
Lorentzian signature target space is well-defined. 

In this thesis, we mainly focus on the supersymmetric generalization of the two-dimensional 
black hole based on the supersymmetric SL(2; M.)k/U(l) coset model. The starting point is 
the bosonic SL(2\ M) K /U(1) coset mode with the level k = k + 2 bosonic current algebra. In 
addition to the bosonic action (13.7j) . we introduce the fermionic part: 

Sf = ^ J d 2 z (V(<9- A)i)- +ip-(d + A)iP + + i) + {d-A)4)- + V^(<9 + , (3.13) 

with the OPE ip + (z)ip~ (0) ~ 1/z, ^(z)^^) ~ 0. Let us concentrate on the Euclidean 
case for definiteness. From the Kazama-Suzuki construction, we can realize the M = 2 
superconformal symmetry on the supersymmetric SL(2;M.)/U(1) coset model. The explicit 
realization is given by 

t(z) = ^(jy+ff) - 1(^- - d^r ) 

G ± (z) = -L^j* 
J( z )=< l p+^- + l(f + ^+< l p-) , (3.14) 



27 Strictly speaking, the coset is a double cover of the (u,v) plane, where the two-sheets are distinguished 
by the signature of a. We will neglect this small subtlety throughout the thesis. 
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whose central charge is given by c = 3(1 + |). The gauging current is defined by J 3 = 
j 3 + , which commutes with all the elements of the M = 2 superalgebra. The fermionic 
part of the Lorentzian case is obtained from the analytic continuation by formally replacing 

^ = TS^ 1 + ^ -> 75^ + ^ and ^" = - ^ 2 ) - TS^ 1 - ^ ■ 

From the path integral viewpoint, instead of treating the (Euclidean) SL(2; M.)^ /U(l) 

coset, it is more convenient to study the equivalent description based on the H^/R coset 

model. The H3 = SL(2; C)/SU(2) model is defined by the sigma model on the upper sheet 

9= (l b) = (e* 7 e*^ + e-*) ' (3 ' 15) 

where we have introduced a real field and a complex field 7 with its complex conjugation 
7. The sigma model has the action 

S = ~ J d 2 z (<90<90 + e 2 ^ 7 a 7 ) . (3.16) 

The model has a positive definite action and the path integral is well-defined (unlike the 
ungaug ed SL(2; R) WZNW model) H The two-dimensional Euclidean black hole is obtained 
by axially gauging the noncompact 17(1) direction a 2 (e.g. one can choose a gauge a = b 
and obtain the metric ds 2 = k ^^"2 ) • This construction has the advantage that the parent 
sigma model has a definite Euclidean path integral while the SL(2;M.)/U(1) coset does not 
because the parent WZNW model has a Lorentzian signature. 

So far, we have studied the axial coset of the SL(2; R) WZNW model, but it is possible 
to gauge the vector symmetry 

§ g = e (ia 2 ■ g- g - (icr 2 )) . (3.17) 
This symmetry has a fixed point, and the corresponding effective action 

s = [ d 2 z (dpdp + — ^-deBe) , (3.18) 

2n J \ tanh p J 

which is also known as the trumpet model, has a singularity at p = 0. However, from the 
algebraic coset viewpoint, there is no singularity at all. We have just replaced right moving 
J 3 current of the SL(2; R) WZNW model with - J 3 . 

In order to specify the model, we have to determine the periodicity of the variable 9 in the 
effective action (13.181) . The angular variable 9 in the cigar geometry has a natural periodicity 
2tt coming from the SL(2; R) WZNW model. In the trumpet case, there is no apriori natural 
periodicity of 9 because it is non-contractible loop in SL(2] R) and any periodicity is allowed 
if we study the universal cover of the SL(2\ R). In terms of the Euler angle parametrization 
(see appendix IA.3j) . g = e lr72 ^e rcri e lcr2 ^ and we set = 0. In this sense, the natural 
periodicity for t = 9 is 2tt. We define that the SL(2; R)( v )/£/(l) vector coset model has 2n 
periodicity in 9. 

From the algebraic construction, the vector coset merely changes the sign convention of 
the right-moving current J 3 , which reminds us of the T-duality or mirror symmetry. Along 
this line of reasoning, an alternatively good definition of the vector coset is to take 27r//c 
periodicity in #@ This is indeed motivated by Bucsher's T-duality rule: if we perform 



28 However, the model has an imaginary H3 flux, so the physical interpretation is unclear. 
29 This convention is the one given in [75] , 
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the T-duality to our original cigar model (13.91) with 2ir periodicity in 9, we obtain the 
trumpet model with 27r/fc periodicity. We call this model as "Z^ orbifold of the vector coset 
SL(2;R)( v yU(iy. The Z k orbifold of the SL(2; R)W/C/(1) or Z k orbifold of the trumpet 
model is same as the cigar model as a CFT (up to a GSO projection in the supersymmetric 
case)@ 

Since the vector coset model with the trumpet geometry is related to the T-duality of 
the cigar geometry, there should be no singularity at all in the vector coset model as a CFT. 
What happens to the apparent singularity of the classical geometry? We will come back to 
this problem in section 13.41 

The equivalence between the axial coset and the (Z& orbifold of) vector coset leads to a 
remarkable observation made in [75] — the duality between the singularity and the horizon. 
If we gauge the vector symmetry for the Lorentzian coset, we end up with the same Lorentzian 
two-dimensional black holel^] However, the analytic continuation of the trumpet geometry 
(vector coset) has a natural interpretation as the region inside the singularity: 



In this way, the axial-vector duality suggests the duality of the region parametrized uv 
and 1 — uv while keeping t. In particular, it exchanges the region outside the horizon and the 
one inside the singularity. This duality would shed a new light on the physics of the black 
hole and especially, relation between the T-duality and "winding tachyon" in the Lorentzian 
two-dimensional black hole. It is, however, fair to say that the precise physical meaning of 
the duality is far from being well-understood in the Lorentzian signature. 

To close this section, we discuss the pure two-dimensional background by setting k = 1/2 
or k = 9/4. Then the model is a critical string theory by itself and one can regard it as 
a pure two-dimensional background [71]. In the Euclidean signature, there is a proposed 
dual matrix model [76] and the theory is supposedly exactly solvable. In the context of 
more general dilaton gravity in the two-dimensional space-time, the classical solutions are 
investigated in [77] • 

3.2 Euclidean spectrum 

Let us study the spectrum of the Euclidean S'L(2;R)/Z7(1) coset model. 

30 Let us mention the similar structure in the SU(2) case. It is known that the axial coset SU{2)^ /U{1) 
is the "Lk orbifold of the vector coset SU(2p v ^ /U(l). However, in this case, orbifold of the vector coset 
SU{2) { yyU{l) is the same model as the original SU{2)^ /U(l). Therefore, we can also say that the T-dual 
of the SU{2) {A) /U{1) coset is the SU(2) (V ^> /U(l). In the SL(2;R) case, although the asymptotic spectrum 
of the Z fe orbifold of the SL(2; R)W /U(l) coincides with that of the SL{2; R)^ /U{1), the (un-regularized) 
partition function is different from each other. Here we implicitly assumed that k is an integer, but the 
situation is more involved when k is not an integer because the meaning of the Z k orbifold is obscure. Note 
that we have defined the Z k orbifold of the SL(2; R)^ /U(l) as the T-dual of the SL(2; R)^ /U(l), which 
perfectly makes sense even for irrational k. 

31 This is up to global duplications. For instance, if one considers an axial coset of the universal cover of 
the SL(2;R)/U(1) coset, we have an infinite copies of the Lorentzian two-dimensional black holes. 




(3.19) 
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3.2.1 algebraic coset 

We begin with the algebraic structure of the coset model from the noncompact para-fermion 
construction. 

Let $>j m (z) be holomorphic part of the primary fields of SL(2; M) WZNW model with 
bosonic level k. It has a (bosonic) left-moving j'q eigenvalue m: 

j*{z)* jm (p)=m^. (3.20) 



It is also a holomorphic part of the primary for the supersymmetric SL(2; K) WZNW model 

o • 

J 3 = f - . (3.21) 



with the same eigenvalue for Jg. Here, the supersymmetric current J 3 is defined by 



For later convenience, we introduce the bosonized current! 32 ! 

dH = iip~-ip + 

f = J 3 + zdH = -^dx 3 . (3.22) 
Using X 3 , or x 3 , we can decompose $j m as 

= U jm e m V% x * = V jm e m ^ . (3.23) 
The para-fermion fields Uj m and Vj m have the conformal dimension 

+ l)+m 2 



k 



A(VW = -^ + -. (3.24) 

K — 2 K 

and they are (holomorphic) primaries of the supersymmetric Euclidean coset SL(2;M)/U(1) 
and the bosonic coset respectively. 

For the supersymmetric case, we should also decompose the U(l) fermion current as 

e inH = e n^Xs e i^X R ^ ^ ^ 



where the bosonized f/(l) ^-current (of the Af = 2 SUSY algebra: see appendix IB. 31) is 
defined by 

J = iJ^dX R , (3.26) 



:)2 



Note that the gauging current must be time-like in the Euclidean coset. 
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where 



iH = ^\x* + i<Jl + \x R . (3.27) 

Under the decomposition (I3.23P and (I3.25p . (holomorphic) primary fields of the super- 
symmetric SX(2;R)/[/(l) coset takes the form 



Vp m = V jm e l{ ^ +n W £ s x K , (3.28) 
which has the conformal dimension 



and the U(1)r charge 



A(^) = - ^ + 1 );'"' + ") 2 + ^, (3.29) 



RKJ = X + f • (3-30) 



The (half) integer n is the amount of the spectral flow of the M = 2 super conformal algebra. 
The structure of the descendants, depending on quantum numbers (j,m,n), are completely 
fixed from that of the SL(2; M) (see appendix IA.2j) . or alternatively from the representation 
of the M = 2 superconformal algebra. 

3.2.2 spectrum from partition function 

To obtain the full spectrum of the CFT from the holomorphic data discussed in section 
13.2. 14 we need to combine left-moving parts and right-moving parts in a consistent way. For 
example, in the compact SU(2) WZNW model, the complete classification of the modular 
invariant partition function (and hence the spectrum) is given by the so-called ADE classi- 
fication. In the non-compact case, we have not yet achieved such a systematic classification. 
Physically, however, we are primarily interested in the two-dimensional black hole interpre- 
tation of the SL(2;M)/U(1) coset model, so we will only consider the simplest realization 
from the gauged WZNW model as we have focused in section 13. 1[ 

We begin with the partition function for the bosonic Euclidean two-dimensional black 
hole p3] 



Jl3(A) , 



u 2 

X-7^W^'" (T)I X* - ' (3 ' 31) 



See appendix IB. II for a summary of various partition functions. Unfortunately, the partition 
function is divergent, and the leading divergence comes from the integration near u\ = 112 = 
0. The diverging factor could be attributed to the volume divergence in the radial p direction 
of the cigar model. Thus, at the leading order, we have 

Z H i(A) ~ ^(loge)Z frcc (r)Z v ^(r) + finite part , (3.32) 
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which gives the asymptotic degrees of freedom realized by a free non-compact boson (with 
the linear dilaton): 



^free(r) = , (3.33) 



and a compact boson with radius R 2 = k. 



The appearance of the compact boson is due to the summation over the lattice (n, u), which 
arises from the zeros of 9i(t,u) in ( 13.311) . 

A more precise (but formal) manipulation [71] leads to the following decomposition of 
the partition function: 



/— i/z poo 
djTr^^+g V° + Yl / d PMp)^c 1 ®c , <?V° + ■ ■ ■ , 
•(«-l)/2 33 

(3.35) 



where the Hilbert space Dj <g> is the discrete representations of the SL(2; M) with the 
constraints Jq — Jq = n, Jq + Jq = kuj and no contribution from the J^ <0 oscillators. The 
same restriction is imposed on the continuous representations C_ i +i ® C_ i +i . The density 
of states for the continuous representations is given by 

/ \ 1 , , 1 d T(-ip + \- m)T(-ip +\ + m) 
p(p) = -2 log e + — — log T{+ip + i + ffin+ip+i _ m) , (3-36) 

where m = ^(n+Kiu), rh = —^(n—K,u) are the eigenvalues of Jq and Jg. The density of states 
appearing here is consistent with the reflection amplitude (or sphere two-point function) of 
the two-dimensional black hole as we will review in section 13.2.31 The leading diverging part 
proportional to loge agrees with (13. 32ft . 

There are, however, several subtleties associated with the decomposition (I3.35p . First 
of all, the expression (13.351) is not modular invariant although our starting point (I3.3ip is 
formally invariant. The failure is due to the nontrivial p dependent density of states (13.361) 
and the contribution from the discrete series. In other words, the regularization rule for 
the character decomposition ( 13.351) does not preserve the modular invariance. The only one 
can say is that the leading part, (or the partition function per unit volume as e — > 0) is 
modular invariant (13.321) . Another subtlety is related to the omitted terms in (I3.35p . The 
regularization procedure proposed in [71] (see also [75] for related models) actually leaves us 
with finite terms that could not be written as the character appearing in ( 13.351) |14j . Again 
this depends on the regularization scheme and one natural (but not unique) solution is to 
omit this part as we will implicitly assume in the following. 

Despite all these subtleties, the decomposition (13.351) seems to capture important physics 
of the two-dimensional black hole. In particular, it predicts the existence of the discrete 
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spectrum localized near the tip of the cigar. Indeed the range of the discrete representations 
~ K 2 +1 < j < — \ will be independently checked by the Cardy analysis of the boundary states 
for SL(2;M)/U(1) coset model as we will see in section [5.2.31 Also, the minisuperspace 
analysis for the two-dimensional black hole reproduces the zero-slope limit of the results 
given here including the density of states (13.361) . We will review the mini-superspace analysis 
in section 13.2.31 

Before moving on to the mini-superspace analysis, we will briefly present a generalization 
to the supersymmetric SL(2; M.)/U(l) coset model. The partition function is given by 

Z^\r) = [ — ^ilT )|2 ^ v^)| 2 E e-^l— I 2 (3.37) 
and the decomposition to the character is obtained as 

/— 1/2 poo 
djTV^gV + E / d P 2 P(p)^c 1 ®c 1 <zV° + ...,- (3.38) 



In this case, the trace should be taken over the (NS-NS) Hilbert space of the supersymmetric 
coset instead of the bosonic one. Explicitly 

T 'c_, + „«c_, t ,/^" = , (3.39) 

and 

r- 1/2 

/ djTr £)+ ^ + g io g Lo = Xdis,i+ J +|,m+^( T )^dis,i+ J +im+^( f ) 

*/-(fc + l)/2 J J 2 2 2 2 



fc + 1 1 \ fkuj-n 

- n — - — + z 



Xdis, JJ+ n(r) = 1 + gW+1/2 ^3 • (3-40) 

The partition functions of the other sectors are readily obtained by performing the spectral 
flow symmetry of the M = 2 SCA. We note that in order to obtain a superstring compact- 
ification with other sectors (such as M = 2 minimal models), we have to project down to 
the sectors with integral U(1)r -charge so that the space-time supersymmetry is well-defined 
(GSO projection). 

We can read some important physics from the spectrum of the Euclidean two-dimensional 
black hole: 

• The continuous representations have a mass gap, which is consistent with the (asymp- 
totic) linear dilaton background. Due to the mass gap, would-be graviton is massive, 
which is again consistent with the statement that the LST is non-gravitational theory. 

• The discrete representations correspond to local dynamical degrees of freedom that has 
a winding quantum number being localized near the tip of the cigar. From the space- 
time point of view, they are normalizable deformation of the background localized in 



33 



the vicinity of the singularity. The improved unitarity bound perfectly agrees with the 
geometrical normalizability condition discussed in section 12.2.21 



The improved unitarity bound has an important application to obtain the normalizable 
deformations of the LST. As promised, we will derive the geometrical bound (12.341) from the 
improved unitarity bound of the SL(2; M)/U(l) coset model. The dual string theory for the 
generalized conifold 

z i + 4 + zl + zj = (3.41) 

is given by the (n — 2)-th M = 2 minimal model coupled with SL(2; R)/U(l) coset with the 
level k = ^. 

n+2 

The vertex operators corresponding to massless deformations of the geometry can be 
obtained by combining (anti-)chiral primary operators of the M = 2 minimal model and the 
SX(2;R)/[/(l) coset model restricted to h — h — |. Labeling the chiral primaries of the 
minimal model by I (0 < I < n — 2) with the U(1)r charge Qr = -, we obtain the conformal 
condition: 

/ 2m 

- + — = 1 . 3.42 

n k 

On the other hand, the improved unitarity constraint is 

1 < 2m < 1 + k , (3.43) 



which gives the constraint 

Z = 0, 1, - - - , 

The bound is in perfect agreement with (I2.34jh 



n-2 



(3.44) 



3.2.3 minisuperspace analysis 

For a complementary method to read the spectrum of the sigma model is to use the point 
particle approximation known as the mini-superspace approximation. 

Let us consider the Euclidean two-dimensional black hole background, known as 'cigar 
geometry': 

ds 2 = G l Ax l dx j = 2k(dp 2 + tanh 2 pd6 2 ) and e* = . (3.45) 

cosh p 

Recall that k sets characteristic curvature radius in unit of the string scale and hence string 
world-sheet effects, while e*° sets the maximum value of the string coupling at the tip p = 
of the cigar geometry. We shall assume the limit > 1 and e - * ^> 1: this limit suppresses 
both string world-sheet and space-time quantum effects and facilitates to truncate closed 
string spectrum to zero-modes, viz. to mini-superspace approximation. 

In the mini-superspace approach, difference between bosonic strings (with no world-sheet 
super symmetry) and fermionic strings (with M = 2 world-sheet supersymmetry) becomes 
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unimportant. The closed string Hamiltonian L + L is reduced in the mini-superspace 
approximation to the target space Laplacian A , where: 



A = ^—F=di ( e- 2 *VGG ij di 



^[d 2 p +2 coth 2pd p + coth 2 pd 2 d ] 



e- 2 *VG 

The Hamiltonian is defined with respect to the volume element: 



dVol 



-2$ 



GdpdO := 2k sinh p cosh pdp d6 = k sinh 2pdp d9 



(3.46) 



(3.47) 



inherited from the Haar measure on the SL(2; R) group manifold. In the volume element, the 
dilaton factor e~ 2 ® is taken into account, as the inner product for closed string states is de- 
fined by the world-sheet two-point correlators on the sphere. The normalized eigenfunctions 
are obtained straightforwardly [751 [7J5]. They are: 



r 2 



-j + 1 4) 



r(H + i)r(-2j - i 



-e in0 x 



x 



sinh 1 ™ 1 p ■ F f j + 1 + -y-, -j + 4^; \n\ + 1; - sinh 2 p 



\n\ 

y 



(3.48) 



where F(a, [3; 7; z) is the Gaussian hypergeometric function. These eigenfunctions corre- 
spond to the primary state vertex operators of conformal weights 



h = h 



3 {j 



1) n z 
k-2~ + Ik 



or 



h = h 



3{3 + 1) r?_ 
k Ak 



(3.49) 



for bosonico and fermionic strings, respectively. We shall focus on the continuous series, 
parametrise the radial quantum number j as j = — (pGl), and label the eigenfunctions 
as <f%(p, 0) instead of 0^(p, 0). We adopt the convention that, in the asymptotic region p ~ 00, 
the vertex operators with p > corresponds to the incoming waves and those with p < 
corresponds to the outgoing waves. The eigenfunctions (13.481) are then normalized as 



Sr. 



2ir8(p - p') + Ko{p', n) 2n5(p + p') 



(3.50) 



where the inner product is defined with respect to the volume element (13. 47ft . Here, TZo(p, n) 
refers to the reflection amplitude of the mini-superspace analysis: 



TZo(p, n) 



Y{Mp)Y\\ - f + f ) 

r(-i P )p(i + ? + §) ' 



(3.51) 



That is, from the definition (I3.48p . the reflection amplitude is seen to obey the mini- 
superspace reflection relation: 



<p-v( P ,6) = n (-p,\n\)^(p,e) 



(3.52) 



33 The eigenvalue is actually proportional to — Mi£±l _|_ s_. We will return to this small mismatch at the 



end of this subsection. 



Ak ■ 
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We shall refer TZ (p,n) as 'mini-superspace' reflection amplitude, valid strictly within mini- 
superspace approximation at k — > oo, and anticipate string world-sheet effects at finite k. 
Notice that no winding states wrapping around ^-direction are present since by definition 
the mini-superspace approximation retains states with zero winding only. 

Utilizing the analytic continuation formula of the hypergeometric functions: 

Th)V(3 - a) 

F(a, (3; 7; z) = =^U£ U-z)- a F(a, a + 1 - 7; a + 1 - ft l/z) 

r (p)r(7 _ a) 

+ rnrf'S H"^' + 1 - 7; + 1 - «5 V*) , (3-53) 

r(a)r(7 -p) 

the eigenfunction (13.481) can be decomposed into 

C(P, = *) + Ko(p, M)<^>, 0) , (3.54) 



where 



*) - e^Csinhp)- 1 -* F(l + ~ + 1 + ip; - — 



sinh p/ 

e -p e -w+me at p _^ +00 (3.55) 



and 



0^(P, *) - e-(sinhp)— F(l - i - 1 - ip; --^ 



sinh p> 

e -p e W+m0 at p _^ +QO (3 gg) 

refer to the left- and the right-movers, respectively, at p — > +00, and 7^ (p, M) is defined in 
( 13. 5 1 p . Obviously, they are related to each other under the reflection of radial momentum: 
( t ) ~Rn = 0Zn' which is also evident from (13.541) and (I3.5ip . These mini-superspace wave 
functions (13.541) constitute the starting point of constructing boundary states of D-brane in 
the Euclidean two-dimensional black hole background. 

We close the mini-superspace analysis with remarks concerning Wick rotation of the 
results to the Lorentzian background and string world-sheet effects present at finite k. 

1. The decomposition of 0^ into (f> p L n and 4> P R n cannot globally defined over the entire cigar 
geometry. They are ill-defined around the tip p = 0, and the reflection relation (13.521) 
implies that <ft~ p is not independent of </>+ p . Therefore, of the continuous series, only 
the eigenfunctions 0^ with p > 0, n G Z span the physical Hilbert space of the closed 
strings on the Euclidean two-dimensional black hole. On the other hand, the situation 
will become further complicated once Wick rotated to the Lorentzian two-dimensional 
black hole. 

2. Notice that 0^ is not analytic with respect to the angular quantum number n as it 
depends on its absolute value, \n\. This leads to the ambiguity for Wick rotation from 
Euclidean to Lorentzian background, under which roughly speaking in is replaced by 
energy uj. As for the mini-superspace reflection amplitude 1Zo(p,n), since TZo(p, —n) = 
lZ (p,n) holds for all n E Z, it is unnecessary to take absolute value |n| in (I3.52p . 
( I3.54p . When taking Wick rotation, we will start from the expression lZo(p, \n\). In 
other words, we analytically continue TZ (p,n) if n > and TZo(p, —n) if n < 0. 
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3. It is evident that \TZ (p,n)\ = 1, viz, the mini-superspace reflection amplitude is purely 
a phase shift in the Euclidean black hole background. It is of utmost importance that, 
in the Lorentzian black hole background, n is analytically continued to pure imaginary 
value, and the modulus of the reflection amplitude becomes less than unity. 

4. For the fermionic Euclidean SL(2; M)/U(l) conformal field theory, exact result for the 
reflection amplitude (i.e. taking account of all string world-sheet effects) is known 

In our notations, it is 



7? r ^ m-2i-i r ( x + gr) r(2j + i)r(-j + m)T(-j - m) 

TZ[i, m, m) — v(k) J : : — : : — : r, 3.57 

u ' ' ' y> r(i-^+i)r(-2j-i)r(j + i + m)r(j + i-m)' 1 ; 



where 



,, x ir(l-l) kw + n _ kw — n 

i>(k) = ; t— , m = , m = 

V ; ?rr(l + i) ' 2 2 



(3.58) 



Denoting by ^j- m ,m the vertex operator with conformal weig hts h = m2 -f +1) , h 



— — , the exact reflection relation reads 

$-0+l);m,m = ^(-(j + 1), m, m)$ j;mj ^ , (3.59) 

The mini-superspace reflection amplitude lZo(p,n) is then related to the exact one 
lZ(j,m,m) by taking the k — > oo limit as mentioned above (up to overall constant): 

1 ip n _ n 

Ko{p,n)= hm 7c(j = -- + — ,m = -,m = --) . (3.60) 

fe^+oo Z Z Z Z 

Although the mini-superspace approximation can only describe the momentum mode of 
the full spectrum, it is possible to study the winding mode by using the T-duality even if 
we restrict ourselves to the mini-superspace approximation. In the remaining part of this 
subsection, we will study the mini-superspace spectrum for the T-dualized trumpet geometry 
(i.e. Z k orbifold of the vector coset SL(2; M)^ v yjJ(l)). T-dualized classical geometry is given 
by the trumpet geometry 

ds 2 = 2[kdp 2 + S \ 1 , e * = -^—. (3.61) 
V fctanh p I smhp 

Note that we have a curvature and dilaton singularity at p = 0. For later purposes, let us 
discuss the minisuperspace analysis for the bulk spectrum. The minisuperspace spectrum is 
determined by the eigenfunctions of the string Laplacian 

1 



A = d^-^VdetGG^d, 

e- 2 *VdetG 3 
2 

= -- [d 2 p + (cothp + tanhp)d p + k 2 tanh 2 pd 2 § ] (3.62) 
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The (delta-function normalizable) eigenfunctions are given by 

1 kw ip 1 kw ip . 1 



,(p, 0) = de^coshp)- 1 -^ f - - — + |, - + — + |; 1 



W'"' 1 v F; V2 2 T 2'2 T 2 T 2' " "cosh 2 /) 

+ c 2 ,«W^Q-^-|,i + ^-fa-^^) • (3,3, 

It is not apriori clear which boundary condition one should impose because the trumpet 
geometry has a singularity at p = 0. Our natural guess would be to impose 4> p , w (p = 0,0) = 0. 
With our convenient normalization C\ — 1, this boundary condition amounts to 

C 2 = Ko(p, u) = W U 1 2 + 2 J [ \ 2 \L , (3.64) 

ov " 1 V{-ip)V{\ + f + 4f)r(| + f - !f) v ; 

which is consistent with the semiclassical limit of the exact reflection amplitude that is de- 
scended from the SL(2; R) WZNW model (or Hg model). Here we have used the formulae in 
the appendix A to evaluate the behavior of the hypergeometric function near the singularity. 

Before we close our study of the mini-superspace Euclidean two-dimensional black hole 
system, we introduce the so-called "exact string background" for the bosonic two-dimensional 
black hole. As we have seen, for the bosonic string case, the spectrum shows 1/k corrections 
as 

h = h = - 1 - r + - } (3.65) 

compared with the mini-superspace results 

h h i^i + 1) , n 2 

^0 = ^0= — + Tk - (3.66) 

To cure this small mismatch, [75J introduced the following improved Laplacian 

A o = -yAf^ + ^h2p-|- + (coth 2 p-^^ , (3.67) 



k-2 \4dp 2 r 2dp y r k'86 2 

to reproduce the exact 1/k corrected spectrum f)3.65p . The corresponding metric is 

(AO 2 \ 
V + (coth2p _ f) j (3-68) 

with the dilaton 



e 2 * = fi sinh 2p\j coth 2 p - ^ . (3.69) 

In the literature, it has been shown that this background is a solution of the bosonic string 
equation of motion in a particular renormalization scheme [58]. However, from the modern 
viewpoint, the reflection amplitude obtained from ( 13.671) is the same as the one from (13. 46ft . 
and does not capture the nonperturbative 1/k corrections that appear in the exact result 
(I3.57p . We will study the origin of the non-perturbative corrections to the mini-superspace 
reflection amplitude in section 13.41 
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3.3 Lorentzian spectrum 

3.3.1 classical string in two-dimensional black hole 

We would like to study the classical string solution in the two-dimensional black hole geom- 
etry. For this purposes, we can directly solve the string equation of motion (and Virasoro 
constraint) on the classical background, or we can study the gauged WZNW model before 
integrating out the gauge constraint [S3] . 

If one takes the axial gauge A = in the classical gauged WZNW action ( 13. 7ft . the 
solution can be constructed as follows^ The classical solution of the parent WZNW model 
is written as 

g(<r+, °-) = 9L((?+)gR((y-T l , (3.70) 

where we parametrize gL(cr+), g R (a-)~ 1 G 5L(2;R) as 

= / u L v R + a L b R -a L u R + u L a R \ . . 

9 \b L v R - v L b R v L u R + b L a R J ' 

with the determinant constraint ulVl + cJl&l = u R v R + a R b R = 1. 
Now the current constraint J 2 = J2 = reduces to 

Tr(a 3 d + g L g L l ) = v L d + u L + b L d + a L = -u L d + v L - a L d + b L = , (3.73) 

and the Virasoro constraint become^ 

(a L d + u L - u L da L ){b L d + v L - v L d + b L ) = . (3.74) 

The right moving part satisfies the similar equations. 

Due to the determinant constraint, two equations in (13.731) are not independent, so we 
expect an appearance of one arbitrary function in the full solutions. Indeed, f l3.T3f) and 
(I3.74p suggests that either + ul = 0+cll = 0, or 3 + vl = d+bi = should be satisfied. Then 
the general solutions can be expressed as 

- i - u tM° + )) 01 { -v L b L 

o- 1 -(■&- U " VR ^ ] ~ UR \ or ( bR 1 - UL ^ ] \ (3 75) 



34 Since we are studying the Lorentzian target space, we use the Lorentzian signature world-sheet. 
35 It is interesting to study general solutions of the coset CFT without imposing the Virasoro constraint. 
We will later come back to this point. 
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Combining the left moving part and the right moving part, we totally obtain four possible 
solutions: 



9A{cr+,cr- 
g D (a + ,a_ 



1(1 -u(a+)v(a-)) u{o+) 
—v(a ) b 

a w(er~) 
-v(*+) 1(1 - u(<r-)v(a+)) 

a(cr~) ci 
i(-l + o(o-)6(a+)) b(a+) 

-c 2 b(a ) 



(3.76) 



where w(cr + ), f (a - ), -u(o" _ ), w(o" + ), a(cr~), &(o" + ), a(a + ), 5(<r~) are arbitrary real functions, and 
(b, a, Ci,c>i) are real integration constants. We can read off the gauge invariant motion of 
strings from u and v components: 



A : 
B : 

C : 
D : 



u 
u 

u 



u(a + ) 

ci , 
1 



v = v[a ) 
v = v(a + ) 
1 , 



v 



u = —(l-a(a + )b(a~)) 
c 2 



Cl 

c 2 • 



a{a-)b{a + )) 



(3.77) 



It is interesting to note that the solution A and B are actually solutions of the string equation 
of motion of any two-dimensional target space metric written in the conformal (Kruscal) 
coordinate: ds 2 = f(u, v)dudv . 

We still have a gauge degree of freedom associated with the conformal transformation: 
a + — ► /(cr + ) and a~ — ► /(o"~). By using this gauge symmetry, we can locally gauge away 
the arbitrary functions in ( 13. 77ft to make them reduce to the point particle (collapsed) string 
solution. For example, in the solution A (similarly for B), we can expand 



u 



u +Pu(t + a) 



■m(r+cr) 



(3.78) 



As is the case with the flat space, we can gauge away the oscillatory part, and due to the 
periodicity of a for closed strings, we have to set p u = unless the target space has a periodic 
directions. In the solution C (similarly for D), we can locally set v = v(t) independent of 
a by using the conformal transformation. The resultant string motion is nothing but the 
geodesies for the massless point particle in the two-dimensional black hole. 

Thus the classical solution of the string equation collapses to a massless point particle in 
the two-dimensional black hole background, and it seems to be consistent with the vertex 
operator analysis, where the only tachyon fields are dynamical classically. However, if one 
allows a folded string solution, we can construct more general string solutions as we will 
review in the following section 13.3.21 This can be done by patching different solutions of 
( I3.77P within the same world-sheet. 
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3.3.2 folded strings 

For an illustrative purpose, let us begin with the folded string solution [85, 86J in two- 
dimensional flat space (T, X). We can fix the world-sheet conformal invariance by choosing 
the gauge r = TE The classical equation of motion is given by d+d-X = with the 
Virasoro constraint!^! 

-2 + (d + X) 2 = , -2 + (<9_X) 2 = , (3.79) 

which amounts to d + X = ±v2. If we restrict ourselves to the solutions with continuous 
first derivative, they reduce to massless particles. To obtain the folded string solution, we 
can set X = X + (a + ) + X_(cr~), where X + and X_ are periodic functions with the same 
period and with derivatives ±v2. In other words, we partition the world-sheet and assign 
different solutions that satisfy d + X = ±y2 and patch- work together so that the full solution 
is periodic in a direction. A simple solution with the static center of motion is given by 

X = V2(|(7 + | per + |<7-| per ) , (3.80) 

where the periodic absolute value function |<7 + | per is given by |o" + | per = |cr + | for — n < a + < n 
and periodically extended outside this interval. More complicated solutions are possible, and 
one simple way to obtain them is to perform the target space Lorentz boost to the solution 
(I3.80p . The resultant string solutions describes the folded string with the motion of the 
center of mass. Note that the Lorentz boost breaks our original gauge choice. 

Next, we will consider the linear dilaton background $ = QX. The equation of motion 
does not change, but the Virasoro constraint is modified as 

-2 + (<9+X) 2 - Qd 2 + X = , -2 + (<9_X) 2 - Qd 2 _ X = . (3.81) 

The point is that due to the existence of the second derivatives in the Virasoro constraint, 
the solutions such as f l 3 . 8 1) are no more allowed. The most general solutions are given by 

X = X - Q log ( cosh ^ + cosh ^ ) . (3.82) 

Except for the special limit where the string collapse to a point particle, the solution is not 
periodic in a direction. Thus only the long string stretched to the infinity is the allowed 
folded string solution. This agrees with the fact that there are no closed string states in 
the linear dilaton theory other than the massless tachyon. The inclusion of the Liouville 
potential does not alter the qualitative feature of the classical string solutions. 

Let us now move on to the folded string solutions in the two-dimensional black hole. 
First, we partition the string world-sheet as in figure HI We know that the solution should be 



36 This static gauge choice is not always possible especially in the curved space-time background. 
If one embeds the two-dimensional Minkowski space in higher dimensional space-time, the Virasoro 
constraint can be relaxed. For instance, if one introduces a contribution from the other zero modes than 
(T, X) the resultant two-dimensional motion becomes massive rather than massless. 
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locally given by (13.771) . We fix the world- sheet conformal invariance by giving the boundary 
condition: 

A: u = u + p + CTp er , v = Vq + p~cr pcr , 

B : u = u + p + (T~ er , v = v + p~<7+ r , (3.83) 

where <7p er = a + — mix for | < ct + < | and periodically identified outside this range. If 
we had considered a flat Minkowski space ds 2 = dudt> , the solution in the region C and .D 
would be independent of a: 

„ np + np~ _ , 

Cfl a t : U = Mq -|- — , V = V + — + P Oper + ^pcr) 

A- I - 

Dfiat : u = u + — + P^{a pcr + a por ) , v = v + —— . (3.84) 

so that we have a fold as in (I3.80p . In the two-dimensional black- hole case, the solution in 
C and D region is given by 



<^2DBH : U = U + — 



[1 " (uo + tgXvo+p-o+r)] x [1 - (no + ^(vo+p-a^)] 



-D2DBH : u 



«o + f \ [l-(«o + T)(«*)-T)] 

^o + ^F \ [i-^o + ^K-I 1 )] 

« = ^0 + ^y- • (3.85) 

We could continue this analysis, but important point is that in the region A' and B' the 
solution turns out to be linear in a + and a~ again just as in (I3.83p . Thus the structure 
repeats itself and the simple recursion formula to derive the full solution exists (see [84"]). 
Physically, the pulsating string falls into the black-hole as a massive particle. The folds move 
with the speed of light because u or v is constant. 

The folded string solution in the two-dimensional Liouville background was identified as 
the open string attached to the FZZT brane [SZl EH] in a certain limit [HS]- The scattering 
amplitude computed from the CFT analysis completely matches with the matrix model 
computation in the non-singlet sector [EH [90] . In this sense, it makes sense to regard the 
non-singlet sector (or winding sector) in the matrix model corresponds to the folded string 
solution in the Lorentzian target space theory in the Liouville background. 

Therefore, one might expect that the folded string solution in the two-dimensional black 
hole background should play an important role in constructing the dual matrix model for 
the two-dimensional black hole with the Lorentzian target space signature. At present, we 
do not have a conclusive argument for or against this direction, but we present some remarks 
here: 

• It is important to note that the folded string solution in the Liouville background is 
in the open string sector and not in the closed string sector. This should be con- 
trasted with the winding sector in the Euclidean two-dimensional black hole (and its 
hypothetical analytic continuation to the Lorentzian signature black hole). 
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Figure 4: In order to obtain folded string solution, we partition the world-sheet and assign 
different solutions on each patch. 

• To obtain the long stretched string solution, the existence of the linear dilaton in 
the Virasoro constraint has been crucial. In our semiclassical analysis for the two- 
dimensional black hole, the existence of the nontrivial dilaton was neglected. This is 
the reason why we obtained a folded string solution that is asymptotically identical 
to the flat space solution (13.801) . Since in the linear dilaton case, such a solution was 
excluded, we might expect that only the long string solution would survive in the full 
quantization!^! 

• In order to have a support for such long string solutions, we need a D-brane localized 
at asymptotic infinity. However, the two-dimensional Lorentzian black hole does not 
admit such a D-brane solution from the classical DBI action analysis (see section I77T|) . 

We leave the role of the folded strings in the full quantization of the Lorentzian two- 
dimensional black hole system for future studies. In most of the following sections, we will 
concentrate on the mini-superspace approximation (point-particle approximation). 

Before closing our discussion on the classical string solutions in the two-dimensional 
black hole, we would like to present the most general solutions of the classical sigma model 
without imposing the Virasoro constraint for completeness [91]. First we introduce arbitrary 
three-component vectors lying on the hyperboloids 



38 Just adding the dilaton term in the classical energy-momentum tensor is not consistent in the classical 
treatment because the one-loop correction to the equation of motion together with the classical contribution 
from the dilaton guarantee the one- loop holomorphic structure of the energy- momentum tensor. 



A-A = -(A ) 2 + (A 1 ) 2 + (A 2 ) 2 = 1 




(3.86) 
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Then the most general solutions of the sigma model (in the Schwarzshild-like coordinate) 
are given by 



cosh 2 p(a, r) = - (l + A(a + ) ■ B(a' 



1 f a ( £abcB' a A b B c 



2Jb V A-B-l 
The energy momentum tensor takes the form 



(<t + , xJ)dx_ + c (3.87) 



A'(a + ) 2 „ £'( 



(7 



\2 



T ++ = T__ = (3.88) 

If one imposes the Virasoro constraint, the solutions reduce to (13. 77ft . 

3.3.3 spectrum from partition function? 

The partition function for the Lorentzian two-dimensional black hole should be able to 
determine its spectrum in principle. However, in practice the subtleties associated with 
the non-compactness of the target space and the Lorentzian signature make the partition 
function ill-defined and prevent us from reading the spectrum. 

At the classical level, the Lorentzian two-dimensional black hole is obtained by the Wick 
rotation 9 — > it in the cigar geometry. The vertex operator (corresponding to the massive 
character) should be Wick rotated as well 

^A >)--^-£ (3, 9 ) 

based on the naive Wick rotation n — > iu. Since the time-direction t is non-compact, 
u> should be continuous unlike the Euclidean two-dimensional black hole case, where n is 
quantized. For the same reason, the Lorentzian black hole does not have a winding states 
along the t direction!^ From the mini-superspace analysis we will review in 13.3.41 the 
classical spectrum is obtained from this naive analytic continuation (with some care about 
the boundary conditions). 

We would like to make an attempt to read the spectrum from the Lorentzian partition 
function with some hindsight from the mini-superspace analysis. The proposed partition 
function (with a suitable analytic continuation) for the Lorentzian SL(2;M)/U(1) coset is 

r a 2 — M 2 

Z S L(2;R)/U(1) = / -^V / ^I^( T )I ■ ( 3 ' 9 °) 



39 Since the discrete states that descend from the SL(2;M.) primaries have a winding quantum number in 
the Euclidean black hole, the corresponding states do not seem to exist in the Lorentzian black hole, but 
this is a controversial issue. 
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Here we study the bosonic case first for simplicity. Since we are integrating over the whole 
complex plane spanned by v, this partition function is formally same as that for the Eu- 
clidean axial coset (13.31 j) . The conclusion that the spectrum of the Euclidean coset and the 
Lorentzian coset, nevertheless, has the same spectrum seems too quick given the fact that 
the mini-superspace approximation gives a totally different answer. 

In the Euclidean case, the divergence near iv = u = n + out gives a bulk contribution 
of the noncompact boson (with a linear dilaton) coupled to a compact boson with radius 
R 2 = k, where the summation over n and o> shows the existence of the compact direction. In 
the Lorentzian case, we propose that the the torus modulus r should be Lorentzian, namely 
r and f and real and mutually independent. 

On the Lorentzian torus, the divergence of the partition function (I3.90p only appears at 
v = 0, leading to the contribution of the noncompact boson (with a linear dilaton) coupled 
to a non-compact bosonl^l 



Z ~ \ogeZ 2 ree + finite terms . (3.91) 

The leading order partition function seems to agree with the mini-superspace analysis^ 

More precise discussions are needed to determine the finite part of the partition func- 
tion. The situation is more involved than in the Euclidean case, and so far no conclusive 
agreements are available. One interesting related question is how the target-space super- 
symmetry is broken in the (world-sheet supersymmetric) Lorentzian two-dimensional black 
hole background. If we restrict ourselves to the leading order partition function, we can 
certainly define a GSO projection, and the partition function (at the leading order) vanishes 
because asymptotically the theory is essentially free and the spectrum coincides with the 
supersymmetric linear dilaton theory, and the target-space supersymmetry operator can be 
constructed. Therefore, the target-space supersymmetry should be broken near the horizon, 
where the curvature effects will be present. 

To study this problem, let us consider the type II GSO projected partition function 
for the two-dimensional Lorentzian black hole (coupled to free transverse sectors that is 
represented by free CFTs for simplicity). Our original partition function for the Lorentzian 
SL(2;M.)/U(1) Kazama-Suzuki coset is the diagonal modular invariant one: 



dv 2 


9 3 (r,zv)\ 2 


T~2 


9i(r,tv)\ 2 



for NS-NS sectors (other sectors can be obtain by replacing 9%(t, u) with 9 a {r, u) (a = 0, 1, 2) 
from the spectral flow). A natural candidate for the type II partition function is 

f dv 2 \9 3 (T,tv)9l - 6 2 (t,iv)9I ± 9 1 (r,tv)9f - 9 (r, i v)9l)\ 2 ^ , s,-i4 - — M 2 

^l T J _ / ; — \n I ^Tl2 V T 2 Vl\ r )\ e 2 i 

t 2 v^\9i(t,iv)\ 2 

(3.93) 



40 On the Lorentzian torus, the Euclidean coset partition function still has an infinitely many origin of 
divergence at u = n + ujt, which gives a compact boson. 

41 One should note that the partition function on the Lorentzian torus needs a careful ie prescription. This 
is an interesting but subtle subject, and we will not delve into the details here. 
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where 9% = 9 a (r, 0) 3 have been introduced from the free CFT contributions. The expression 
is almost super symmetric: for example, if we first take the leading diverging part at v — 0, 
then the fermionic oscillator part gives zero after summing over the spin structure due to 
the abstruse identity of Jacobi. 

A remaining uncancelled part, which describes the breaking of the target-space super- 
symmetry, is of particular interest. By using the Riemann quartic identity flA.5j) . we can 
rewrite (13.931) as 

Z{r)= / . . . r^ V^lvivl e . 3.94 

Now one can see that the leading order divergence near the origin (v = 0) is indeed removed, 
which suggests that the bulk part of the spectrum is supersymmetric@ 

It is still difficult to evaluate (13.3.31) to uncover the non-supersymmetric spectrum of the 
two-dimensional Lorentzian black hole partially because the formal q expansion of (13.3.31) 
gives a divergent series. Let us suppose that the major part of the v integral comes near the 
origin v = since in the large k limit, the Gaussian factor would provide a strong convergence 
factor for the integral (with no good justification because of the oscillatory nature of the 9 
functions on the Lorentzian torus). The subsequent integration over v would lead to 

Z(t)~ \ V (t)\*. (3.95) 

The partition function looks like a free 0-dimensional bosonic string (probably localized near 
the horizon). The support of the (non-supersymmetric) bosonic degrees of freedom should 
be localized because we do not have a diverging volume factor. 

It seems likely that the supersymmetry is broken only locally in the vicinity of the horizon. 
One naively guess that this should correspond to the Lorentzian version of the winding 
condensation near the tip of the cigar in the Euclidean two-dimensional black hole as we 
will see in section 13.41 A further study of this subject is of great interest and the more 
precise definition of the (almost) supersymmetric partition function and its evaluation is 
highly desirable. 



3.3.4 minisuperspace approximation 

Since it is difficult to read the spectrum of the Lorentzian two-dimensional black hole directly 
from the partition function, it is very important to study the classical spectrum based on the 
mini-superspace approximation. The Wick rotation of the mini-superspace eigenfunctions in 
the Euclidean cigar geometry (13.481) is not so trivial. Fortuitously, the Lorentzian eigenfunc- 
tions are already classified thoroughly in [75]. The complete basis for waves outside the black 
hole horizon are spanned by the following four types of eigenfunctiona^ 3 ! of the Lorentzian 

42 Unfortunately, for complex r, the partition function still shows a volume divergence at iv = n + lot 
with a pair of odd integers (n, to), where the GSO projection acts oppositely. We do not fully understand the 
origin of this failure of bulk cancellation. Since these divergences seem unphysical in the Lorentzian partition 
function if we stick to the Lorentzian torus, we do not see their physical relevance. 

43 Here we adopt slightly different normalization from [75j . 
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Klein-Gordon operator. For those with the eigenvalue |^ — ^ + jr of the Klein-Gordon 
operator, the four eigenfunctions are 

UZ(P, t) = ~ rn T2{ \ + J { ■ r e~^(sinh p)-**F{u+, i£; 1 - iw; - sinh 2 p) 
1 (1 — icujl ( — zp) 

^g-fart-^tap ag p ^o, (3.96) 

= - r(1 ^^-y e-^(sinhp)^F(<, z/„; 1 + ^; -sinh 2 p) 

~ e-^' + ^ lnp as p -> , (3.97) 

Z£(p, t) = e—^sinhp)- 1 -^^, 1 + *p; -t4-) 

sum p 

~ e -P e -frp-*t as p -> oo , (3.98) 

i?£(p,t) = e-^(sinhp)- 1+ ^F(z, + , 1 - zp; — 

sinh p 

~ e -P e +ipp-** as p -> oo (3.99) 

with the notations 

z/+ = z - ± — 

± 2 V2 2 

These eigenfunctions are defined by the following analytic continuations of the mini-superspace 
Euclidean eigenfunctions: 



V2M 



% =+iui (p,e = +it) (uj>0,n<0) 

4£ = _ 4w (p,e = -ft) (w<0, n>0) 

<f>Z~iu,(j>,0 = -tt) (w>0, n<0) 

* = ("<0, n>o) 



^(P,*) = ^,n=^M = +^) , (3-100) 

where the n < and n > ranges are mapped to u; > and c<j < 0, respectively. 

As discussed in j75], only two out of the four eigenfunctions are linearly independent. In 
particular, 

V£(p,t) = U%*(p, -t) and Rl(p,t) = Z£(p, -t). 

The reason why we introduce the above four eigenfunctions is because they encode four pos- 
sible boundary conditions (We here assume p > 0) in the Lorentzian black hole background. 
Recall that, for the region outside the horizon of the eternal black hole, the boundaries con- 
sist of four segments: 'future (past) horizon' t = +oo, p = (t = — oo, p = 0) by Ti + (H~), 
and the 'future (past) infinity' t = +oo, p = +oo (t = — oo, p = +oo) by X + (Z~). The four 
eigenfunctions U, V, L, R are the ones obeying boundary conditions: 

VI = at W , V? = at H + , 

LI = (JJ£ = 0) at X + , it* = {Li = 0) at 1 (3.101) 
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t = oo 




Figure 5: The boundary conditions of the Lorentzian eigenfunctions (u > sector). For 
uj < 0, the figures for L and R should be interchanged. 
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for uj > (uj < 0). See Figure [51 

By Wick rotating the mini-superspace reflection relations (j3.52p . we obtain linear relations 
among the Lorentzian eigenfunctions: 



U* = IZ + Ho(p,u>)B» and V? = R* +K* (p,uj)IZ . (3.102) 



Equivalently, 



1 - \Ko(p,u)\ A 

and K = i - Yi^M\ 2 {V " ~ KMUl) ■ (3 - 103) 

Here, the mini-superspace reflection amplitude TZq(p, uj) in Lorentzian theory is given by 

" T(-ip)T*(vl) = ~^Z) ■ cosh^) ' (3 - 104) 

Notice that, in sharp contrast to the Euclidean black hole, the reflection amplitude is less 
than unity due to the second factor: 

. , Nl2 cosh 2 vr(^) 

\n« M ? = <1- (3-105) 

The inequality is saturated at p = uj = 0. The inequality (13.1051) shall play a promi- 
nent role for understanding string dynamics in the Lorentzian black hole background. The 
mini-superspace reflection relations for U%, V£ are also expressible in a form similar to the 
Euclidean ones. Recalling that 1Z (— p, u)TZ (+p, uj) = 1, 

U~ p (p,t) = K {-p,uj)UV{p,t) and Vj p {p,t) = TZ* {-p,uj)V p (p,t) , (3.106) 

while L^j and are simply related by reflection: 

L7M = R?M ■ (3-io7) 

Moreover, U% and V£ are linearly independent except for the special kinematic regime, uj = 0. 
Notice also, in the relation (13.1051) . the reflection amplitude involves the mini-superspace 
contribution only, not the full-fledged stringy one. 

Before proceeding further, we shall here collect explicitly relations among inner products 
of Lorentzian primary fields, where the inner product is defined with respect to the Lorentzian 
measure dvi = k sinh 2pdpdt. Taking quantum numbers p, uj fixed and dropping off delta 
function factors 2ir5(p — p'), 2tt5(uj — uj') for notational simplicity, we have 

(US, US) = (V*, VS) = N (p, uj) , N (p, uj) = 1 + \ n o(p,uj)\ 2 



(K,VZ) = K* ( P ,uj), 

(ir tt ,ir u ) = {K>K) = l> = o> 

(L& II) = (ft, Rl) = \ , (iJ£, US) = <y*, Li) = . (3.108) 
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The inner products involving IP W and R^ are readily evaluated since dominant contributions 
are supported in the asymptotic region p ^> 0, yielding the volume factor 2n5(0). The 
remaining inner products ca be extracted from the linear relations (13.1 (J2|) . (13. 1031) F 4 ! We 
also fixed the overall normalization factors from consistency with the Euclidean inner product 
(I3.50p under the uj — > limit. Notice also that 

N (- P ,uj) = \n (-p,u;)\ 2 N Q (+p,u;) , (3.109) 

as is consistent with the mini-superspace reflection relation (13.1061) . 

It is easy to construct the exact string vertex operators or primary states corresponding 
to the mini-superspace eigenfunctions U, V, L, R. To be specific, we shall consider primarily 
the fermionic SLk(2,M)/U(l) supercoset conformal field theory] 45 ! The primary states \U%), 
\V£) are the ones of conformal weights h = h = ^ — fr + 77: and obey the exact reflection 
relations 

\U~ P ) =K(-p,u>)\U*) , \V^) = TV{-p,u)\VS) , (3.110) 
and the exact reflection amplitude is given by 

rfi + f) 

K{p,u) = n ( P ,uj)^ L (3.111) 

r(i-f 

Notice that the string world-sheet effect entering through the 1/fc-correction is a pure 
phase. Thus, the exact reflection probability \Tl(p, uj)\ 2 remains unmodified from the mini- 
superspace approximation result \TZo(p, uj)\ 2 given in (13.1051) . We shall normalize the primary 

states \U*), \VS) (p > 0) as 

(UZ\U&) = <yX\Ttf) = N(p, U )2K6(p-tf)2n6(u>-cS) , 

{VSWt) = K*(p,w) 2tt5{p - p')2tt5(uj - uj') , (3.112) 

where the new normalization factor N(p, uj) is simply defined by replacing IZq with 1Z in 
N (p, uj). The primary states \L^), \Rp) are also definable by using the linear relations (13.1021) 
or (I3.103P but now with H replaced by TZ. Notice that \U%), \V%) are the ones analytically 
continuable to the Euclidean primary states so often referred as the 'Hartle-Hawking 

vacua'. On the other hand, the states \R^) does not have Euclidean counterparts. 

Recall that, over the Euclidean black hole background, <fi p L n , 4> p Rn behave badly in the vicinity 
of p = and hence ill-defined. 

We also find it useful to introduce the dual basis (U p \, (V£\ (p,p' > 0) with inner products 

(UZ\U p J,) = (y£\V p ',) = 2nS(p - p')2n6(uj - uj') , <02|1#) = (K^) = . (3.113) 
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We checked these inner products numerically using MATHEMATICA. 



45 For the bosonic SL(2;M) K /U(1) coset conformal field theory, we instead have h = h = 4(^-2) — 



j^z^, and H(p,w) = K (p,^j r ^_^_y 
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Explicitly, they are given by 



1 - \K(p,u)\ 

(VS\ = —~^ ( ^{(K\-n(p,u){Ll\} . (3.114) 

1 - \K(p,w)\ 

As such, these dual basis obey the following exact reflection relations: 

~(jitf\ = n(p,w)(uz\ and (kt^I =n{p,u)*{ys\ . (3.115) 

A remark is in order. The dual basis (U%\, (V£\ are not Wick rotatable to the Euclidean 
dual basis {4>n P \i (</>^ p |, since \lZ(p,u)\ — 1 for u G iR. The correct procedure would be that 
we first define Wick rotations for the 'kef states, and then define their dual states within the 
Lorentzian Hilbert space. Nevertheless, one-point correlators in the Lorentzian theory, from 
which a set of physical observables can be computed, ought to be always analytically con- 
tinuable to the one-point correlators in the Euclidean theory. Roughly speaking, ambiguities 
inherent to the Wick rotation of dual states drop out upon taking inner product. 



3.4 Duality and winding tachyon condensation 

One of the salient features of the (Euclidean) SL(2;R)/U(1) coset model is the so-called 
Fateev-Zamolodchikov-Zamolodchikov (FZZ) duality [92]. Mathematically speaking, this 
duality has enabled us to compute exact two-, and three-point functions of the SL(2; M.)/U(l) 
coset model and revealed their pole structures. Physically speaking, on the other hand, it 
has established a duality between the winding tachyon condensation and the singularity 
resolution of the geometry, and uncovered, from an exact CFT perspective, the importance 
of the winding tachyon condensation near the classical singularities. 

Let us formulate the FZZ duality in the Af = 2 supersymmetric case. The FZZ duality 
states: 

FZZ duality (A/" = 2) supersymmetric SL(2; IR)/[/(l) coset model with level k is equiv- 
alent (up to chirality) to the Af = 2 Liouville field theory (see e.g. [93] for reference): 

L = J dW$ + J d 2 6W($) + h.c. 

W(&) = /ie^ , (3.116) 

where Q 2 — |. 

The appearance of the chirality flip suggests the T-dual nature of the duality. Indeed, 
the FZZ duality can be proved in a more general context of the mirror symmetry. Physically, 
the appearance of the Af = 2 Liouville potential in the T-dualized set up can be anticipated 
as follows. As we studied in section [37T] the T-dual of the SL(2;'Rp A ' /U(l) axial coset 
model, whose classical geometry is the cigar, is classically described by the trumpet geometry. 
However, the trumpet geometry has a singularity coming from the fixed point of the (T- 
dualized) U(l) angular direction. To avoid the existence of a naked singularity of the space- 
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time, the (T-dualized) winding tachyon will condensate. From the world-sheet viewpoint, 
the (winding) tachyon condensation is nothing but the J\f = 2 Liouville superpotentialF^l 

The operator correspondence of the FZZ duality is almost clear. In the asymptotic region, 
one can write the vertex operators of primary states in the SL(2; R)^ /U(l) coset model 
by using those of the linear dilaton times U(l) angular direction. We then perform the T- 
duality, to write them down as asymptotic vertex operators of primary states in the M = 2 
Liouville theory. The descendant structure is completely fixed by the M = 2 superconformal 
algebra. 

There are several "proofs" of the FZZ duality available in the literature. In the original 
work, FZZ has given a direct computation of the two- and three-point functions of the both 
models (including winding violating correlation functions) and has shown the equivalence 
between the two models when the computation based on the screening operator is available. 
In [M] , the duality has been established rigorously at the level of the topological field theory 
from the viewpoint of the mirror symmetry (T-duality of the linear sigma model that flows 
to SL(2; R)/[/(l) coset in the infrared). As is the case with the usual mirror symmetry, it 
is natural to expect that the full conformal field theory is dual with each other, and indeed 
there is much supporting evidence for that. In another interesting derivation of the FZZ 
duality [03] , the domain wall dynamics of a certain 2 + 1 dimensional gauge theory has been 
studied, resulting in two complementary descriptions — SL(2;'R)/U(1) coset model on one 
hand and Af = 2 Liouville theory on the other hand. 

We will not review the derivation of the FZZ duality (see any of the references above, 
or consult [93] for a brief summary of the related discussions). Instead, we will see some 
physical consequences of the duality in the remaining part of this section. Let us begin with 
the comparison between the classical two-point function of the SL(2;M)/U(1) coset CFT 
from the minisuperspace approximation and the exact one. The mini-superspace result (see 
fl33TD and (ESI) is 

vr -x T(2j + l)T(-j + m)T(-j-fh) 

TZ (j, m, m) = — — Ty—— vFTT— ; rr, 3.117 

1 (— 2j — 1)1 (j + 1 + mjl (j + 1 — m) 



where 



kw + n _ kw — n 
m = , m = 



(3.118) 

while the exact result is 

W mm)- m-*- 1 r ( 1 + ^) r(2j + l)r(-j + m)r(-j-m) 
U ' ] ~ [ ] r(l - 2£1) T(-2j - l)r(j + 1 + m)V(j + 1 - m) ' 

i rfi - i) 

- w - • (3 - n9) 

The effects of the winding tachyon condensation can be seen in the 1/k suppressed factor 

r(i+ 2i±l) 

in the exact formula as — — jjttt. As is well-known in Liouville field theory, the poles in 



46 To avoid a possible confusion, we note that the original winding tachyon condensation becomes non- 
winding tachyon with 9 momentum after taking the T-duality. 
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the correlation function appear when the screening interaction coming from the M = 2 
superpotential W = /xe<5 satisfies the screening condition for the Liouville momenta (j). 
Indeed, the perturbative Liouville insertion predicts poles in the two-point functions exactly 

as indicated by the factor • 

Another important aspect of the FZZ duality is that it has provided a perspective on 
the winding number non-conservation process. In the SL(2;RY A) /U(l) axial coset model, 
one can define an asymptotic winding quantum number by uo. However, since the cigar 
geometry has a trivial fundamental group, the winding number is not a conserved quantity. 
In the free field construction of the SL(2; /U(l) coset model (such as the one based on 
the Wakimoto construction of the SL(2;M) current algebra), it is difficult to compute the 
winding number violating correlation functions. Indeed this was the first motivation of FZZ 
to propose the dual description! 4 ^! 

Situations are worse in the naive T-dualized trumpet geometry. In the trumpet metric, 
it appears that we have a U(l) isometry along 9 that is the dual coordinate for 9, suggesting 
that the momentum quantum number as well as the winding quantum number are well- 
defined conserved quantities. The breaking of the winding number (or momentum mode in 
the T-dual picture) is quite obscure: the origin of the winding non-conservation, i.e. the 
fixed point of the £7(1) action, has now become the singularity of the target space! 48 ! 

The resolution of this puzzle is given by the FZZ duality. In the T-dualized picture, the 
singularity is removed by the tachyon condensation, or M = 2 Liouville superpotential. At 
the same time, the M = 2 superpotential explicitly breaks the translation invariance along 
the 9 direction, which gives the origin of the momentum non-conservation in the T-dual 
picture. Actually, the explicit breaking of the momentum conservation is quite useful to 
compute the winding number violating process in SL(2\M)/U(1) coset model: by a direct 
insertion of the M = 2 Liouville superpotential, the winding number violating process can 
be computed perturbatively. 

We end this section with three remarks 

• Supersymmetric SL(2\M)/U(1) coset model has a conserved U(1)r current. By tak- 
ing quotient of the theory with this U(1)r current, we obtain the duality between 
the bosonic SX(2;R)/Z7(1) coset model and the sine-Liouville theory [96]. The sine- 
Liouville theory has the potential 

VfaY) = /i(S + + S~) 

S± = e -i(4>±Vi+W) = e -V^¥<PT^iv ^ (Q = v / 2/(k _ 2)) ( 3_ 120) 

We note that the potential preserves the symmetry as a side remark, which makes 
the model integrable [971 198]. In their original work (FZZ), they proposed the duality 
between the bosonic SL(2; M)/U(l) coset model and the bosonic sine-Liouville theory. 

47 At the same time, FZZ has also given an ingenious way to compute the winding violating correlation 
function within the SX(2;R)/[/(l) coset model by introducing the dual operators. 

48 It is well-known that when we gauge the axial symmetry, the vector current has an anomaly and vice 
versa, and this is indeed the origin of this apparent paradox. In the same token, the U(l) isometry of the 
vector coset is broken down to We should be, therefore, careful when we talk about the "T-duality" of 
the trumpet. 



53 



• There is a small controversial issue in the interpretation of the FZZ duality. Our 
standpoint has been that the dual description of the cigar geometry is given by the 
Af = 2 Liouville theory and the Af = 2 Liouville superpotential does not appear in the 
original cigar geometry explicitly (otherwise the source of the winding number non- 
conservation is two- fold). The other common interpretation of the FZZ duality is that 
the winding tachyon condensation (A/ - = 2 Liouville superpotential written in the dual 
coordinate) also appears in the original cigar geometry. This interpretation is natural in 
the sense that it gives a natural explanation about the coexistence of the poles coming 
from the geometry part and the Liouville insertion part. Whichever interpretation one 
may take, we believe that what we call the supersymmetric SL(2; M.)/U(l) theory and 
the Af = 2 Liouville theory is identical, and the structure constant, e.g. the two-point 
function is uniquely given by formulae like (13.1191) . 

• So far, we have focused on the Euclidean SL(2;M.)/U(1) coset model. However, things 
are unclear in the Lorentzian SL(2; Mf)/U(l) coset model, where the dual Af = 2 Liou- 
ville theory is unavailable. A naive analytic continuation of the Af = 2 superpotential 
gives a wrong Liouville wall, which is localized near the weakly coupled region |99j . 
Furthermore, the Lorentzian coset does not have a winding mode, so the interpreta- 
tion of the winding tachyon condensation is not evident. Nevertheless, we believe that 
the exact structure constants are given by the analytic continuation of the exact re- 
sults for the Euclidean coset since the analytic continuation correctly reproduces the 
mini-superspace part. The clear explanation of the origin of the extra poles in the 
Lorentzian coset is still an open question!^! 



The origin might be given by the degrees of freedom near the horizon on which we mentioned in section 
13.2.31 A related interpretation based on the idea of stretched horizon has been given in |100j . 
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4 Black Hole - String Transition 



In this section, we review "black hole - string transition" . The transition is believed to be 
a fundamental property of the quantum black hole in the non-BPS regime. We will also see 
that the transition is related to the thermal winding tachyon condensation. 

The organization of the section is as follows. In section |4~T| we formulate the "black hole - 
string transition" in general dimensions. In section I4.2[ we specialize in the two-dimensional 
case, where a' exact treatment is possible. In section 14.31 we briefly summarize the current 
status of the black hole - string transition in other solvable backgrounds. 

4.1 In general dimensions 

One of the most profound results in (semi-)classical gravity is the thermodynamics of the 
black hole. Thus one of the most significant benchmarks of any theory of quantum gravity is 
to provide a satisfactory understanding of the thermodynamics of the black hole. Especially, 
understanding of the black hole entropy from the microscopic viewpoint has been one of the 
greatest achievements of the string theory as a quantum theory of gravity [10 lj. 

Let us consider the Schwarzshild black hole in the string theory as a simplest example 
of the non-extremal black hole system^ The Schwarzshild black hole in any dimension is 
completely determined by the parameter that determines the horizon size. When ^> l s , 
the classical supergravity description is good (at least outside of the horizon), and we can 
trust the effective supergravity action to discuss the properties of the black hole. 

If one gradually decreases the horizon size r^, the effects of higher derivative corrections 
coming from the underlying quantum gravity will become important. Within the super- 
string theory, some higher derivative corrections are known, and it has been shown that 
these corrections will beautifully explain the apparent mismatch between the macroscopic 
derivation of the small charge BPS black hole entropy and the microscopic derivation from 
the string theory (see e.g. [lU2j ). In the non-extremal cases we are discussing now, we 
have not yet completely grasped the structure of the higher derivative corrections and the 
quantitative match of the black hole entropy, but the guiding principle is summarized by 
the so-called "black hole - string transition" or "black hole - string crossover" introduced in 
[ID31HMHD51HDE1HD7] . 

When rh < l s , the geometrical description of the black hole breaks down and it should 
be replaced with the microscopic description based on the quantum strings. This is natural 
because the string theory has a natural cutoff given by the string length l s as a length 
scale, and the objects smaller than l s do not possess an ordinary geometrical meaning. The 
principle of the "black hole - string transition" is that the black hole can be understood either 
as the higher excitation of the strings or as the classical solution of the (higher derivative) 
gravities. Especially, the crossover is parametrically smooth as a function of the coupling 
constant g s and l s . 

50 The exact quantization of the string in the Schwarzshild black hole is not known. However, since one 
can make the curvature of the Schwarzshild black hole arbitrarily small outside the horizon, it is natural to 
assume the existence of string solutions asymptotically given by the Schwarzshild black hole. The existence 
of the SL(2;M.)/U(1) two-dimensional black hole strongly supports this assumption. 
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In the Schwarzshild black hole example, we can roughly estimate the transition point 
and the "black hole - string crossover" as follows. Let us assume the four dimensional 
Schwarzshild black hole for definiteness. The four-dimensional Newton constant G is given 
by G ~ g 2 l 2 , so the Schwarzshild radius of the string is estimated as r = m stT G ~ m s t T g 2 l 2 
with the mass of excited string m 2 tr ~ j|, where n denotes the oscillator level. At the black 
hole - string transition point r ~ l s , we have 



" "., >• (4.1) 



S 



G g\ 

Thus, the classical Bekenstein entropy is given by Ssek ~ -q ~ q ~ y/n, which indeed 
agrees with the entropy of the perturbative string expected from the Cardy formula up to 
a numerical factor. Alternatively speaking, one can say that the requirement of the smooth 
overlap of the entropy demands that r ~ l s should be the "black hole - string transition" 
point. 

Another important concept associated with the a' corrections to the geometry is the 
stretched horizon [1081 11051 HOOj . We can formulate the stretched horizon based on the local 
temperature of the geometry. As is the case with the two-dimensional black hole, any neutral 
black hole has an intrinsic temperature determined by the periodicity of the Euclidean time 
(Hawking temperature). From the Lorentzian viewpoint, the temperature is defined by the 
observer at spacial infinity. From an observer at a fixed proper distance R from the horizon, 
the Hawking radiation is observed with much higher temperature 

T U (R) = — , (4.2) 

due to the gravitational red-shift. On the other hand, the string theory has the "highest 
temperature" determined by the Hagedorn temperature. Since the number of perturbative 
string states grows exponentially as a function of energy (mass) : 

Z(0) = Tre~ pE ~ J dMp(M)e- f3M . (4.3) 

with the density of states given by p{M) ~ e^ HgA/ , the partition function of the perturbative 
string theory is ill-defined beyond the Hagedorn temperature (3 < Pn g . There we expect that 
the string interactions are much more important and the strings will disentangle. 

Now let us return to the Hawking radiation. From (14. 2p . one can see that the (red- 
shifted) temperature becomes infinite at the classical horizon. Actually, before reaching the 
event horizon we will encounter the radius when the local temperature exceeds the Hagedorn 
temperature. The local Hagedorn transition blurs the local geometry near the black hole 
horizon. This is what we call the stretched horizon. Note that we can make the curvature at 
the horizon arbitrarily small, and in this regime, the size of the stretched horizon is of order 
one in the string unit. 

It is interesting to consider some extreme limits of the above discussions. The first 
example is the large Th w limit: what happens if the Hawking temperature in the asymptotic 
infinity is larger than Tn g ? We expect that the stretched horizon completely blur the black 
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hole geometry. Indeed in the leading order estimation of the four-dimensional Schwarzshild 
black hole, we have /?h w = r o and /?n g = const, and such scenario occurs when r ~ l s . It is 
interesting to note that the condition roughly coincides with that for the "black hole - string 
transition" . In section 14.21 we will see this coincidence is exact (after taking a' corrections 
into account) in the two-dimensional black hole that is an exactly solvable string background. 

Another limit is the (extremal) charged black hole solution. In the charged black hole 
examples, the above discussion based on the Hagedorn temperature and the Hawking tem- 
perature should be generalized. This is because, as pointed out in [106J, we can arbitrarily 
lower the Hawking temperature while keeping possible a' corrections large. In other worlds, 
one can make the transition temperature arbitrarily lower than the Hagedorn temperature. 
The most extreme case is the (BPS) extremal black hole, where the Hawking temperature 
is zero. The generalization proposed in |1U9] states that the "black hole - string transition" 
occurs when the Hawking temperature coincides with the temperature of the free-string with 
the same mass and charge. We will briefly review their discussions later in section 14.31 

It is also instructive to recapitulate the problem from the Euclidean approach. In the 
flat Minkowski space, the Hagedorn divergence of the partition function can be attributed 
to the thermal winding tachyon condensation |110[ 11134 Hl^l 11131 1114] . We begin with the 
more precise version of (14.31) . 

/?F = Tr phys log(l-e-^) 

/oo nl/2 i 

dr 2 / dn-TrcpW . (4.4) 
■oo J -1/2 T 2 

In the second line, we have introduced the Schwinger parameter r 2 and the level matching 
condition by 

1/2 

dr 1 e 2mn(L °- io) . (4.5) 

1/2 

The trace is taken over the original space-like CFT with an additional free Si CFT whose 
radius is j3 restricted to the momentum mode. The Hagedorn divergence appears in the 
ultraviolet region r 2 — > 0. Now let us use the Polchinski's trick [110J to rewrite the thermal 
partition function (14.411 as the string 1-loop partition function 

PF = / — Tr CFTxS ,q Lo q £o , (4.6) 

JT r 2 

where T is the fundamental domain of the torus, and the trace is taken over the original CFT 
with the free S 1 CFT including winding modes. The Hagedorn divergence is now translated 
to the IR instability r 2 — > oo. Apart from the ground state tachyon that should be GSO- 
projected out in the supersymmetric theory, a possible instability comes from the thermal 
winding tachyon whose mass is given by 

m((3) 2 = -1 + /3 2 . (4.7) 

When m(/3) 2 < 0, the Hagedorn instability occurs. In this way, we can understand the 
Hagedorn divergence as the appearance of the winding tachyon in the Euclideanized thermal 
string theory. 
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The argument above suggests that when the thermal direction shrinks enough to admit 
"winding tachyon" in the Euclidean spectrum, the Hagedorn phase transition occurs. Assum- 
ing a semiclassical quantization of string in the Schwarzshild black hole, a similar situation 
occurs in the thermal string theory in the Euclidean Schwarzshild black hole background. 
The thermal winding tachyon has an effective mass 

m 2 (r) = -1 + rl(l - — ) . (4.8) 

At the point where m 2 (r) becomes negative, the black hole develops a stretched horizon, and 
when m 2 (oo) < 0, we expect the "black hole - string" phase transition. We will see later 
that the winding tachyon is crucial in the two-dimensional black hole and its exact "black 
hole - string phase transition" . 

Recently Horowitz |115j studied the real-time winding tachyon condensation in the black 
hole system. If one considers a compactified black string solution, the extra dimension 
can show a winding tachyon condensation as the direction shrinks toward the black hole 
singularity. After the winding tachyon condensation, the black hole evaporates as a bubble 
of nothing. This process is proposed to be a new interesting end point of the Hawking 
black hole evaporation (see |116j 11171 H18j I119j for related studies). The winding tachyon 
condensation could also give a solution of the cosmological singularity problems as studied 

in pujrr^T]. 



4.2 Two-dimensional black hole case 

To discuss the "black hole - string transition" introduced in section |4~T1 in a more quantitative 
manner, it is imperative to study the exact string background rather than the approximate 
Schwarzshild black hole solution. Especially, the arguments related to the (thermal) winding 
tachyon condensation is rather speculative, and a demonstration based on the exactly solvable 
string background would be highly desirable. As we have seen in section [21 the simplest 
exactly solvable (non-BPS) black hole background is the two-dimensional black hole. In this 
subsection, we specialize in the "black hole - string transition" in the two-dimensional black 
hole0 

Let us consider the supersymmetric SL(2;"R)/U(1) coset model. As we discussed in 
section 12.41 the two-dimensional black hole has the Hawking temperature 



^nw r, i — • \ J 

Since the two-dimensional black hole is asymptotically a linear dilaton theory, the Hagedorn 

51 Of course, what we mean by the "two-dimensional black hole" includes the embedding into the su- 
perstring theory such as the black NS5-brane background, so our results have a direct application to the 
ten-dimensional critical string theories. 
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temperature shows a 1/k corrected shift compared with the flat Minkowski theor)@ 

Tn g = ±- = ? L= . (4.10) 

To derive this formula, one should first note that the SL(2;M.)/U(1) coset model has a 
mismatch between the genuine central charge C 5 ' L ( 2 ; R )/' 7 ( 1 ) — 3 _|_ | an d the effective central 

charge C ^^ 2 ' R ^ U ^ — 3 d ue to the asymptotic linear dilatonjff) Therefore, the total theory has 
a deficit effective central charge cl^ al = 12 — £ after the subtraction of the ghost contribution. 
Now we recall the Cardy formula: 



p(M)~exp 27r A /-fM + 27rJ-fM , (4.11) 




which immediately gives the Hagedorn temperature (14.101) . 

For later references, we present here a similar formula for the bosonic two-dimensional 
black hole. The Hawking temperature and the Hagedorn temperature is given by 

T Hw = 4- = ■ (4-12) 
Phw Anya'K 

and 

T ^ = ^~ = 1 1 ] ■ ( 4 - 13 ) 

There is no apparent reason to exclude possible a 1 corrections to the Hawking temperature in 
the bosonic string theory, but the exact string quantization reveals that the formula ( 14. 12[) is 
the correct oneo We will return to this problem when we discuss the exact boundary states 
of the probe rolling D-brane in section [HJ On the other hand, the Hagedorn temperature 
here is obtained from the exact string quantization and trustful. 

From the general discussions in section 14.11 we expect "black hole - string" at k — 1 (or 
K = 3 for the bosonic case) when the Hawking temperature and the Hagedorn temperature 
coincide. At this point, the stretched horizon becomes so large that it will swallow the 
complete space-time. This "black hole - string transition" in the two dimension black hole 
is induced by the strong a' corrections: when k is large (recall 1/k correction corresponds 
to a 1 correction) the Hawking temperature is much larger than the Hagedorn temperature, 



5 When we mention the Hagedorn temperature of the two-dimensional black hole, we always assume that 
the criticality condition of the string theory is satisfied by adding non-dilatonic CFTs. The NS5-brane 
background is a typical example. 

53 We can also see this directly from the one-loop partition function and the spectrum. See section [3] and 
appendix A. 

54 In general, the Hawking temperature is classically determined solely from the information near the event 
horizon (the Rindler limit), where the curvature and the a' corrections could become large. The effects 
of such a' corrections and possible renormalization of the Hawking temperature are interesting subjects to 
study. 
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and the geometry is not disturbed by the back-reaction of the Hawking radiation. When k 
becomes smaller, 1/k corrections will become more and more important, and at the phase 
transition point, i.e. at k — 1, physics changes drastically. One of the main focus of this 
thesis is to study this transition from the rolling D-brane probe. 

At this point, we would like to point out that the "black hole - string" phase transition 
of the two-dimensional black hole does not involve the string coupling g s in the discussion. 
This is one of the features of the two-dimensional black hole that we can clearly separate 
the (typically more difficult) problem of the genus expansion from the more tractable ol 
corrections in order to understand the "black hole - string transition" . 

What is the origin of the strong 1/k correction? As we have mentioned earlier in sec- 
tion 13.11 the metric for the supersymmetric two-dimensional black hole does not receive 
perturbative 1/k corrections. The origin of the (nonperturbative) 1/k corrections that trig- 
ger the "black hole - string transition" is most clearly seen in the Wick rotated Euclidean 
two-dimensional black hole for which the dual description is available. 

In the dual description, the two-dimensional black hole is described by the Af = 2 Liouville 
theory. The Af = 2 superpotential 

W($) = fi J d 2 9e^ (4.14) 

can be seen as the localized (winding) tachyon condensation!^ The condensation is a local- 
ized mode because the Liouville momentum j corresponding to the superpotential (14. 2ft is 
not given by the continuous series j ' = — \ + ip, but lies in the discrete series. 

The crucial observation has been already made early in [122J in the context of the non- 
critical superstring theory. The spirit is close to the discussions given in section 12.31 and 
13.41 The superpotential is a normalizable perturbation if > ® (i.e. k > 1) and it is a 
non-normalizable deformation otherwise. In the language of the noncritical string theory, 
the Af = 2 super Liouville potential satisfies the Seiberg bound [123] only when A < ® 
holds. This directly means that the Af = 2 Liouville description is good for k < 1 and the 
two-dimensional black hole description is good for k > 1. The transition point is exactly at 

k = iE 

We can repeat the same analysis for the bosonic SL(2; Mf)/U(l) coset. The duality 
between the bosonic SL(2; Mf)/U(l) and the sine-Liouville theory, together with the Seiberg 
bound, leads to the conclusion that k = 3 is the phase transition point. The potential is 

55 The duality between the SL(2; R) (A ^/U(l) coset and the TV = 2 Liouville theory is a kind of T-duality 
as we discussed in section 13.41 Thus the condensation of the momentum mode in M = 2 Liouville theory 
can be regarded as the condensation of the winding mode in the original SL(2; /U(l) coset model. 

56 Another interesting observation related to the k — 1 transition is the following. If we consider a two- 
dimensional U(l) gauge theory in the ultraviolet that flows to SL(2;M)/U(1) coset theory in the infrared (as 
was introduced in [94j to prove the mirror duality to the Af — 2 Liouville theory) , the central charge of the 
U(l) gauge theory is given by 9. Since the IR SL(2;M)/U(1) coset theory has a central charge c = 3(1 + jr), 
there is an apparent contradiction to Zamolodchikov's c-theorem if the level k < 1 is considered. However, 
we should note that SX(2;R)/f7(l) coset theory is dilatonic so that the effective central charge is always 
given by 3. 
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given by 



V = fi(S + + S-) , S ± = e -i(^±vWiY) = e -VW^V? iY , (Q = y/2/( K -2)) , 

(4.15) 

and the normalizability changes precisely at k — 3. Assuming that this occurs when the 
Hawking temperature and the Hagedorn temperature coincides, we have verified that the 
Hawking temperature of the bosonic two-dimensional black hole is not renormalized. We 
will see another support from the probe rolling D-brane later in section [HJ 

We could argue this transition without using the dual Liouville picture [96J. The black 
hole perturbation descends from the SL(2;M) states 

J+iJ+Jj = -l;m = fh = -1) . (4.16) 

The normalizability of such states (see section I3.2.2j) demand 

l + k 1 
-— <l<- 2 (4-17) 

with j = —1, which suggests the same phase transition point k = 1 (or k — 3). 

The situation in the Lorentzian two-dimensional black hole is less clear. We cannot 
perform the Wick rotation to the winding tachyon potential (14.21) naively because the time is 
continuous and there is no apparent winding mode in the Lorentzian two-dimensional black 
hole. The same thing can be said in the Hagedorn instability of the free string theory in 
the flat Minkowski space: the existence of the thermal winding tachyon in the Wick rotated 
theory does not mean the tachyonic instability in the real time physics. Rather it should 
be understood as the phase transition associated with the thermal dissolution of strings. At 
the temperature beyond the Hagedorn point, there would be no distinction between the gas 
of strings and the black hole. 

4.3 Other solvable backgrounds 

There are many other exactly solvable string theory backgrounds that exhibit the "string 
black hole transition". Most of the examples are more or less related to the SL(2; M.) WZNW 
model. In this subsection, we will briefly review the transition in such backgrounds. 

The black hole - string transition across k = 1 also has a natural interpretation in 
terms of the holographic principle, as recently discussed in [124 ]. Adding Qi fundamental 
strings to k NS5-branes (more generally Calabi-Yau singularities) as we reviewed in section 
2.4, one obtains the familiar bulk geometry of the AdS^/Ci^^-duality. In this context, 
the density of states of the dual conformal field theory is given by the naive Cardy formula 

S = 2-k + ^ sj^- with c = QkQi for k > 1, but not for k < 1. Rather, the central charge 

that should be used in the Cardy formula is replaced by an effective one c e s = 6Qi(2 — |) 

The origin of the difference between the c e g and c is again the normalizability of a certain 
operator. The SL(2; C) vacuum of the dual CFT corresponds to the states 

J+J+lj = -l;m = m=-l) (4.18) 
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in the world-sheet SL(2; R) WZNW model, and as we have seen several times, for k > 1, the 
operator is normalizable, and c e g = c. On the other hand, for k < 1, the operator is non- 
normalizable, and we expect c e ff < c. A short computation based on the string description 
gives Cefr = 6Qi(2 - ±). 

We note that for k > 1, the BTZ black hole excitation is normalizable and the partition 
function and the entropy is dominated by the Bekenstein-Hawking entropy of the BTZ black 
hole while for k < 1, the BTZ black hole excitation is non- normalizable and the entropy is 
solely explained by the string excitations. This argument is completely in agreement with 
the "black hole - string transition" picture at k = 1. 

Another interesting generalization is the two-dimensional charged black hole. We consider 
the asymmetric coset 

SL(2;R) k xU(l) L 

U(l) ' 1 } 

where the U(l) gauging acts on one of the (space-like) left-moving current in SL(2; M) and 
a linear combination of the right-moving current of SL(2; M) and U(1)l- After the Kaluza- 
Klein reduction, the geometry of (14.191) is described by the metric (Q 2 = |) 

d* 2 = d^-l ta ^L) 2 ^\ (4.20) 



1 - a 2 tanh 2 2 



2 



the dilaton 



and the gauge field 



$ = $ -ilog('l + (l-a 2 )sinh 2 |(/.} . (1.21) 



a tanh 2 Q<b 

A = 2 -T7^d6 . 4.22 

1 - a 2 tanh 2 §0 V ; 

Here a 2 is related to the mass m and the charge q of the black hole as 

a 2 = m - V m2 -<l 2 . (4 . 2 3) 
m + a/ m 2 — q 2 

At a = 0, the model reduces to the undeformed SL(2;R)/U(1) black hole (and a compact 
boson). 

The Hawking temperature of the black hole (e.g. from the Euclidean geometry) is given 

by 

a* = % rh ■ < 4 - 24 ' 

On the other hand, the Hagedorn temperature is given by 

T ^ = ^~ = 7= > ( 4 - 25 ) 



62 



irrespective of the deformation parameter a. 

From the world-sheet perspective, the "black hole - string transition" of the charged two- 
dimensional black hole inherits from the SL(2; M) WZNW model and the transition point 
should be k — 1. This is different from the naive guess based on the relation /?h w = Pug- A 
resolution proposed in [109J is that the more precise definition of the transition temperature 
is when the Hawking temperature coincides with the temperature of the string that has the 
same mass and charge of the black hole. 

In this example, the entropy of the string with charge q is given bvF^I 



It is easy to see that the condition /3 str = /9 H w exactly reproduces the CFT computation, i.e. 




(4.26) 



resulting in the corresponding string temperature 




(4.27) 



k 



1. 



57 The shift is due to g-amount of right-moving U(l) charge: we are summing over the string states with 
fixed U(l) charge q instead of summing over all states. 
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5 Tachyon Radion Correspondence 



In this section, we review the tachyon radion correspondence, which is one of the greatest 
motivations to study the rolling D-brane in the two-dimensional black hole system. The 
correspondence says that the dynamics of the open-string tachyon condensation may be 
geometrically realized by the rolling D-brane system. 

The organization of the section is as follows. In section 15. 1\ we overview the rolling 
tachyon problem. In section 15.21 we study the closed string emission rate from the rolling 
tachyon boundary states and their variations!^ In section 15.31 we study the correspondence 
at the classical level. In section 15.41 we summarize our results on the quantum correspon- 
dence. In section 15.51 some cosmological implications are studied. 

5.1 Rolling tachyon 
5.1.1 overview 

In the days of early developments of string theory, tachyon used to be thought of as a nuisance 
in constructing realistic models for particle physics of our world. In recent years, open- 
string tachyons have obtained civil rights and have played more and more important roles 
in acquiring our knowledge on the nonperturbative D-brane physics with (spontaneously) 
broken SUSY. In addition, they have been even providing phenomenological applications such 
as brane inflation. More recently, the closed string tachyons (especially localized winding 
tachyon) have attracted much attention in relation to the topological change [125} [I26J and 
the resolution of singularities [120] . 

One of the important steps in understanding the physics of unstable D-branes is Sen's con- 
jecture with subsequent advancement (see |127j for a review), which states that the decaying 
process of the unstable D-branes can be regarded as the open string tachyon condensation. 
In particular, the energy difference between the false (perturbative) tachyonic vacuum and 
the true vacuum of the open string tachyon potential should explain the tension of the de- 
caying D-brane exactly. Furthermore, the cohomology of the open string theory at the true 
vacuum must vanish. In the context of the open string field theory, these conjectures have 
been analytically proved in |128j I129j . 

More interesting aspects of the tachyon dynamics is to study its time evolution [130, 
11311 I132j . Based on the effective field theory analysis (which has been confirmed by the 
exact boundary states analysis later), it was found that the late time evolution of the open- 
string tachyon gives rise to the so-called "tachyon matter", which is a pressureless fluid. 
Such a "rolling tachyon" evolution has provided us with novel understanding of the tachyon 
condensation and time-dependent physics in string theory. The feasibility to construct the 
exact boundary states enables us to study the highly non-supersymmetric time evolution in 
a quantitative way. 

Let us begin with the effective DBI type action for the rolling tachyon 




(5.1) 



This part of the thesis is based on [2]. 
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Since we will focus on the homogeneous decay, we have assumed the DO-brane action without 
loss of generality. The effective potential V(T) takes the form 



1 

cosh 



V(T) = M — — , (5.2) 



2.v 



where the DO-brane tension Mq oc y. For the non-BPS D-branes in supersymmetric theory, 
x — 1, and for the unstable D-branes in bosonic string theory, x — 1/2. The solution of the 
equation of motion is given by 

T t . , 

sinh — = a cosh — , (5.3) 

leading to the classical energy momentum tensor: 

T - = J^lffrlr - vm^y/l + rrd^T . (5.4) 

We are interested in the late time behavior of the energy momentum tensor, which is explicitly 
given by 

T 00 ~ E 

Tij ~ -E exp(—t/x)8ij , (5.5) 



where E = M / yl + a 2 . As we mentioned before, we have obtained the pressureless dust as 
a final product of the DO-brane decay. 

The energy momentum tensor yields the coupling of the rolling D-brane to the gravity. 
In order to study the coupling to higher string modes, we need the exact boundary state 
that describes the rolling D-brane. In the boundary conformal field theory approach, we 
introduce the boundary interactional 



5Sw = A / dscoshX°(s) , (5.6) 
for the "full S-brane" model, and 

= A / dse x °^ , (5.7) 



for the "half S-brane" model. Here X° denotes the target-space time coordinate and the 
integration is taken over the boundary of the world-sheet parametrized by s. 

There are several different ways to obtain the boundary states. Originally Sen (130] 
proposed to obtain the boundary states for (15. 6p by starting with the (compactified) space- 
like model (boundary sine-Gordon model) and performing the Wick rotation. In the "half 
S-brane model" , Gutperle and Strominger [133j proposed to use the Wick rotation of the 
Liouville theory in the zero linear dilaton limit (time-like Liouville theory). 



59 We focus on the bosonic case for simplicity. The generalization to the non-BPS D-branes in superstring 
theory is straightforward. 
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In the coordinate space, the behavior of the boundary states from different prescription 
shows a different behavior (mainly in the region X° < 0), but in the momentum (energy) 
space, they are related with each other in the zero mode sector. To see this, let us expand 
the rolling tachyon boundary states as 



Since we are dealing with the time-dependent theory based on the analytic continuation, the 
contour choice will affect the physics. The zero mode density p(u) has been computed as 



Note that the Hartle-Hawking contour Chh integral of the full S-brane solution coincides 
with the real contour C rea i integral of the half S-brane solution (see figure [6]). This is 
intuitively expected because the half S-brane solution describes the later half dynamics of 
the rolling D-brane (decaying brane) and the Hartle-Hawking contour effectively sets the 
initial condition at t — to give a decaying D-brane. We also note that the boundary time- 
like Liouville field approach directly gives the same zero mode boundary wavefunction for 
the half S-brane solution. Thus we can conclude that various approaches yield essentially 
the identical results for the zero mode boundary wavefunction (i.e. coupling to the scalar 
tachyon mode). 

Nevertheless, there are differences in the nonzero mode sectors between the boundary sine- 
Gordon approach and the boundary time-like Liouville approach. The origin of the difference 
is that the descendants for the boundary sine-Gordon model is based on the 577(2) current 
algebra (at the self dual radius) and those for the boundary Liouville theory is based on 
the Virasoro algebra. For on-shell amplitudes (and energy-momentum tensor) we can gauge 
away these differences as we will do in section l5~2l to compute the closed string emission rate. 
However, at least in the two-dimensional noncritical string example, it has been stressed 
in |134j that such off-shell boundary states will be important to generate infinitely many 
conserved charges in addition to the energy momentum tensor. We will revisit the problem 
later in the discussion of the rolling D-brane, so we will not delve into the details any further 
at this point and concentrate on the physics associated with the zero mode. 

5.2 Radiation from rolling tachyon boundary states 

In this subsection, we would like to study the closed string emission rate from the rolling 
tachyon by using the exact boundary states. We will present rather a technical aspects of 
the computation for two reasons. One is that we are going to compare the results of the 




(5.8) 




(5.9) 
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Figure 6: Different contour integration gives different boundary states. 

rolling tachyon and rolling D-brane in later sections in detail. The other is to understand 
the nontrivial relation between the unitarity (optical theorem) and the open - closed duality, 
which we revisit in the more nontrivial rolling D-brane case in section 18.21 

Before entering into the computation, we summarize the main physics involved. 

• At the one-loop level computation, all the energy of the DO-brane is converted into 
closed string radiation: the radiation rate shows a power-like divergence. 

• Most of the energy is converted into highly massive strings whose mass is effectively 
cut off by M ~ l/g s . 

• The emitted strings are highly non-relativistic. 

• If one considers the Dp-brane as we increase p, the divergence becomes milder, but the 
spectral density is still power-like and the higher moment diverges. 

• The inclusion of the space-like linear dilaton makes the divergence disappear due to 
the exponential suppression for the growth of density of states. 

• On the contrary, the time-like linear dilaton (along the rolling tachyon direction) does 
not affect the divergence. This suggests a first hint of the universality of the decay of 
unstable D-branes. 

Now we will begin our study on the closed string emission rate from the unstable D- 
brane. For a slight generalization of section 15. 1[ we consider the unstable D-brane in the 
linear dilaton background. For the boundary states, we will use the one obtained from the 
time-like Liouville theory because with a time-like linear dilaton, the corresponding boundary 
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states from the boundary sine-Gordon theory is unavailable. For zero time-like linear dilaton 
limit, however, the two computation agrees as expected. 
The dilaton gradient is set by: 

$ = -^(QX° + V-X), where Q = (3 - - (/? > 1) . (5.10) 
V«' p 

This puts the critical dimension D for the bosonic string theory to be 

26 = D - 6Q 2 + 6V 2 , so c eff = 6Qj - 6V 2 , (5.11) 

where Q/3 = (/3 + The effective central charge c e fj sets the growth of density of closed 

string states [122] : 

^)(i), e W¥«'M J (512) 

up to subleading pre-exponential factor of M. It grows slower than the density of states for 
flat space-time (obtainable by setting Q = V = 0). 



5.2.1 closed string emission 



Let us consider the decay of an unstable D-brane in the linear dilaton background. The 
radiative transition of a Dp-brane to a single closed string state of mass M (set by the 
integer- valued oscillator level N = N), whose on-shell energy-momentum (u;, k) is given by 



iQ 



2 , W N 2 

- (k E + — 



{lu 2 - k 2 ) = M 2 where - a'M 2 



N 



Ceff 

24 ' 



(5.13) 



where (ue, kg) and (u, k) are energy-momenta in the Einstein and the string frame, respec- 
tively. In string loop perturbation theory, the transition amplitude is computed by the disk 
one-point function (exp((— iu+ ^=)X°) exp((ik+ •X)) ( ji s k with the Dp-brane boundary 
condition@ where the vertex operator is separated into temporal and spatial parts as indi- 
cated. The two parts are factorized in the gauge that no oscillator in temporal direction is 
allowed. Consequently, the transition probability V{uj) of the radiative process is governed 
entirely by the temporal part (see (3.29) in [135J): 



disk 



-T(l + icuVa'P)T(-iujVa ; /P) 

tH_ 

smh(nu^/a' (3) sinh(7rti;v^« 7 //?) 



(5.14) 



Then, at leading order in string perturbation theory, the total number of emitted closed 
strings from the decay of a Dp-brane (p > 1) extended along V-direction is computed as 



^=^E\A° (C) ( M ) 



oo d D-l-p k l 

—Vu) 



(5.15) 



60 We only consider the case when the D-brane has Neumann boundary condition in the space-like linear 
dilaton direction. 
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where the overall coefficient abbreviates N p = tt~^~ (2n)~ p and V p is the Dp-brane 
volume. In (15.2. ip . the sum is over all final closed string states of mass M and of oscillator 
excitations symmetric between left- and right-moving sectors. Such oscillator excitations are 
equivalent in combinatorics to open string excitation, so the density of the final states is 
given by square- root of (15. 12ft . 

Attributed to the Hagedorn growth of the density of states p^(M), the total emission 
number A/" in (I5.2.ip (or higher spectral moment) is ultraviolet convergent so long as linear 
dilaton has a nonzero spatial component, V ^ 0, first observed in |135j . Notice also that 
temporal component of the linear dilaton does not alter the ultraviolet behavior. This is 
most readily seen for small V by expanding the density of states. To study anatomy of the 
ultraviolet behavior, we shall now perform Fourier transformation and re-express A/* in the 
open string channel. 



5.2.2 open string channel viewpoint 

Physical observables such as AT ought to be well-defined under the Fourier transform from 
the closed string channel to the open string one because 

1. We start with defining expression of AT, consistent with the optical theorem in the 
closed string channel. 

2. The expression is closed in the Euclidean signature. Hence we are free from any 
subtlety that may arise from analytic continuations between Euclidean and Lorentzian 
signature of the space-time. 

As in |135j . we expand the transition probability V(uj) in convergent power series, whose 
terms can be interpreted as D-instantons arrayed along imaginary time coordinate: 

Air 2 °° 

V ^ = T^T E e- w ^ m ^ (5.16) 

n,m=0 



where the location of the D-instantons is denoted as 

m. A I 

Thus, we take 

oo 



a'W(m,n) = Va* (n + (m+ >\fa'. (5.17) 



M J °° K ' m,n=0 

and rewrite each D-instanton contribution parametrically via the closed string channel mod- 
ulus t c as 

1 c -2ira'u;W(m,n) _ f°° f°° ^ e ~2nt c -±a' (k$+k 2 +M 2 ) e 2nia' k W(m,n) /g j_g\ 

2^ 2 2n J 
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which gives 



^ /3 / 2 2. / 2vr ]_ 00 {2,r-^ e 



m,n=0 ^ 



^ v /pW(M)e- 

(5.20) 

Here, we exchanged order of summations and integrations, and first performed integrals over 
off-shell momenta (ko, k) and sum over mass level M. The sum over M yields modular 
covariant partition function Z^ c \q c ) in terms of the Dedekind eta function: 



Z® (q c ) = V P ic) ( M ) Qc a where q c = e~ 2 ^ 

M 

= V- [D - 2) (qc) • (5.21) 



Integrations over the (D — p)-dimensional momenta (k , k) yield (2% 4: a't c )~ ( - D ~ p ^ 2 times 
Gaussian damping factor e~ 27Ta w ( m ' n )/* c . We now perform modular transformation to the 
open string channel t c = l/t Q , where t Q is modulus of the open string channel and q Q = e~ 2lTto . 
Putting all these together, we finally have 

Jf = C p V P Y, / ^^e- 2 ^^ 2 ^"^-^- 2 )^), (5.22) 

m,n=0 J® to 

with C p = (^jj^j ZE ^(2o; / 7r 4 ) reproducing the result reported in |135j . As it stands, 
the final expression (15.221) is at odd to the intuition based on, for example, the Schwinger 
pair production in (time-dependent) electric field, since the integral over the open string 
modulus t Q is still intact. If the total emission number can be interpreted as arising from 
on-shell two-particle branch cut in the open string channel, the modulus integral ought to 
be absent! Therefore, To understand underlying physics better, we shall now compute the 
cylinder amplitude directly and then extract the imaginary part via the optical theorem. 



5.2.3 Lorentzian cylinder amplitude 

Unitarity and optical theorem thereof, combined with the open-closed string channel duality, 
should enable us to extract the emission number AT of closed strings from decaying Dp-brane 
as the imaginary part of the cylinder amplitude. In the closed string channel diagram, 
the computation reduces to ( 15.2. ip . as in quantum field theory. It is, however, somewhat 
nontrivial to evaluate the imaginary part of the cylinder amplitude directly from the open 
string channel. Here we present the ab initio derivation, refining that in the text of 1135] , by 
starting with manifestly well-defined Lorentzian cylinder amplitude. 

We begin with the cylinder amplitude in the closed string channel in which both the 
world-sheet and the target space-time signatures are taken Lorentzian. Omitting overall 
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numerical factors for the moment, the amplitude is given by 



<W ^ , — " zff(g c ), (5.23) 



J/ fl 2 . „-(l-tf) 2 |« , <"£ 

2 

27r sinh(7r/5co'LV / «') sinh(7rw L v / «' / /3) 

where g c = e 2mTc with r c = s c + ie, and Zj^(q c ) represents the contribution from the closed 
string zero-modes and oscillator parts0 The Lorentzian world-sheet is regularized by ie 
prescription, while the Lorentzian space-time is regularized by — ie-prescription. (s lR ) 
is an ultraviolet (infrared) regulator of the closed string channel modulus. With these pre- 
scriptions, the integral over ujl is convergent so long as 2esJ/ v > e > is retained. 

Defining the open string modular parameter as q Q = e~ 2mTo where r = s Q — ie with 
s = l/s c , one can rewrite ( 15. 23ft in terms of open string channel energy u' L as 

rr r° R , r i , ( ■ , r , cobMuuja 

^cylinder = Vp / ds Q / du L Ilia / duJ L 



sinh(ir (3ul\/ a 1 ) smh(iruL\/ a'/ f3) , 
x ? ; M!W 4( 9o ), (5.24) 
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where s l R = l/s^ v , = l/s* R are the cut-off's in the open string modulus. As opposed to 
the closed string channel, we have to adopt the -Me'-prescription for the Lorentzian space- 
time, and the above integral is well-defined as long as 2e's ]V > e. The expression in the 
large parenthesis yields the open string density of states, It is infrared divergent at 

lul = 0. To regularize it, we subtract minimally the double poko so that 



CO 



,,,, , , / / cos( ira' ULUj'r ) 1 
p {o > (u/ L res = lira' / du L )= ^-^ = — 



oc 



= -2d^ L \ogSp(Q p + iVa 1 uj' I )j , (5.25) 
where the 'g-Gamma function' Sp(x) is defined bjfEl 



OG 



— oo 



for Re(x) < 2Q/3 and analytically continued to the whole complex planeo See, for example, 
[921 [93]. 

Now we perform the Wick-rotation both in the target space and on the world-sheet. First, 
Wick rotate the open string channel energy as tu' L — > e % ^~°'uj' L and set tu' L = iu' (a/ G R). 
Then, we can safely Wick rotate the world-sheet Schwinger parameter as s Q — > —it a (t > 0). 
Notice that we will need to perform the Euclidean rotation in opposite direction for the 



61 We are using different normalization for modulus parameters from |135j : t(KLMS) = (7r/4)i(here). In 
addition, they adopted a' = 1 convention. 

62 This subtraction does not affect the imaginary part of the partition function we are primarily interested 



m 
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Here the normalization of variable x differs with factor 2 from the one given in |92| . 
64 Notice that the Lorentzian density (|5.25[1 is well-defined without the analytic continuation. We stress 
that this should be contrasted against the approach of |135j . 
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closed and the open string channels due to the difference of the ie-prescription. There is 
no obstruction in such contour deformation because d x \ogSp(x) has poles only on the real 
axis. We will see that this is specific to the decaying D-brane situation and do not hold 
generally. In fact, in section 18.21 dealing with the rolling D-branes, we shall show that 
there exist extra contributions from crossing poles in the course of the contour rotation and 
that their contributions are essential for maintaining the unitarity. After Wick rotating the 
world-sheet, the cylinder amplitude in the open string sector is given by 



J cylinder 



2V P [ dt [ du/du, hgSp (Qp - vW) ql a '"' 2 Z ( °\q ) . (5.27) 

JO ./(l-iO)R V ' 



Imaginary part of the partition function comes from the simple poles of the g-Gamma 
function Sp (Qp — yafuj'^ at |o/ = W{m, n) for n, m e Z>o and simple zeros for n, m G 1><o- 
Therefore, collecting imaginary parts from the contour integration over uo 1 and applying the 
optical theorem, we finally obtain 

°° POO Ji 

^ = lmZ cylindcr = C p V p V / ^tr 2 e-^ w2 ^r iD - 2) (qo), (5.28) 

r, JO ^0 

n,m=0 

where we have evaluated the free oscillator part explicitly and reinstated overall numerical 
factors. This is in perfect agreement with 115. lOft . and it may be interpreted as a nontrivial 
check of unitarity and open-closed duality in the Lorentzian signature. 

5.2.4 D-brane decay in two-dimensional string theory 

In a similar method, one can compute the spectral observables from the D-brane decay 
in two-dimensional string theory [136J. The boundary state for the unstable D-brane in 
two-dimension is given by the ZZ-brane boundary state [137J: 

( c (*wM?)*) = -fvV. VjF 

Combining it with the rolling tachyon boundary states, the total emission number of closed 
string is given by 

poo poo 1 

AT = N 2 / dk —V(lu, k)5{u - k) , (5.30) 
Jo Jo 2w 

where the on-shell condition u = k is imposed, and the transition probability is 

V{ U , k) = (e— VC^/^'*) dl!k 2 = . (5.31) 

sinn {-Kujya') 

We see that, after performing the ^-integration, the resultant total emission number is ul- 
traviolet divergent. 
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To express J? in open string channel, we repeat the analysis of section 15.2.31 and expand 
the transition probability in arrays of imaginary D-instantons. The result is 



°° POO POO POO J J 

Jf = N 2 J2 dk d M ^e~ 2 ^-^'^ 2 ) e w W^)sinh 2 (7rfc^ 
n Jo t Q \q Q J 



/9->l 



(5.32) 



where we have reinstated W(m,n) for the purpose of regularizationQ The expression ex- 
hibits ultraviolet divergence as t D — ► 00. 

On the other hand, it is possible to obtain the same radiation rate from the direct 
evaluation of the imaginary part of the Lorentzian cylinder amplitude in the open-string 
channel as was done in section 15.2.31 



J cylinder 
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(5.33) 



After rewriting the open string density by the g-Gamma function as in section 15.2.31 we 
obtain open string channel expression of the partition function. We then find the imaginary 
part from the poles located at |a/ = W(m,n), and reproduce (15.321) . This confirms that 
the partition function is manifestly unitary, obeying the optical theorem. Here again, the 
regularization (3 — > 1 is implicit. 



5.2.5 ZZ brane decay in various dimensions 

It is possible to generalize the discussion of section l5.2.4l for ZZ branes in various dimensions 
by introducing the time-like linear dilaton theory. If we write the dilaton slope of the Liouville 
and time-like linear dilaton direction as = b + \r x and V t = (3 — (3~ l respectively, the 
criticality condition is given by 

26 = D + 6VJ - V t 2 . (5.34) 

We can combine the one-point function for the ZZ brane (with general b) and the decaying D- 
brane boundary states for the boundary time-like Liouville theory to compute the radiation 
rate as was studied in [138J. A similar cancellation as we discussed in section 15.2. II gives the 
UV power-like structure of the closed string radiation rate@ The result suggests again the 
universality of the decaying D-brane spectrum. 

In this construction, owing to the criticality condition (15.341) . the existence of the time- 
like dilaton is unavoidable. In the following, we study the decay of the ZZ brane in M = 2 
Liouville theory (or DO-brane Euclidean SL(2;M.)/U(1) coset model. See section [6] for more 
details) to study more realistic models, where (3 — 1 (i.e. flat limit) is feasible (see [139] for 
a particular case. This subsection is based on a generalization of their results). 

65 Because of the subtraction of singular vector in (l/q — 1), the resultant amplitude is non-unitary. 
66 Technically speaking, for D > 26, we encounter a closed string IR divergence |138| . 
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The absolute square of the boundary wavef unction for the M = 2 ZZ-brane is given by 



2 sinh(27rp) sinh(27rp/A;) , rnr , 

* (p,m = 5 w>m w 9 \, , / , 5.35 

cosh(27rp) + cos(7rm) 

while that for the (Af = 1 supersymmetric) rolling D-brane with time-like linear dilaton 

V, = - /T 1 is 

2 2 

We can evaluate the on-shell (E 2 = M 2 + |r + emission with fixed transverse mass M 
as 



N{M) = j ' dp^2\^(p,mf\\^{E(p,m))\' 



~ e-WW^-A ) (5 . 37) 

where in the last line we have used the saddle point approximation. 

On the other hand, the density of states for the emitted closed string for large M is given 

by 



W ~ e ^V¥ = e W (^) 2 -i . (5.38) 



VP 

Thus, we see an exact cancellation of the exponential part of the closed emission rate, leaving 
us with a familiar power-like universal closed string emission rate. 
We have several comments here 

• We can analyse the bosonic case in the same way. The first difference is k in (15.351) 
should be replaced with k — 2. The second difference is E in (15.361) should be replaced 
with \/2E. The final closed string emission rate changes, as a consequence, to N(M) ~ 

e 2lT \l^ +l3 ) I 2 2( K -2) ^ which w iU cancel against the bosonic Hagedorn density of states 



r^(/3+/3-i)2/2-2(^ 



For simplicity, we studied the emission rate from the closed string perspective. The 
open string computation like we did in section 15.2.21 15.2.31 is straightforward, and we 
will not repeat it here. 

The conclusion here is independent of the level k of the SL(2; R)/(l), which, on one 
hand, suggests a universality of the D-brane decay. On the other hand, it seems curious 
to observe that nothing special happens at k = 1, where we expect a "black hole - string 
transition". As we will see in section [TJ [H] in detail, the rolling (or Euclidean hairpin) 
D-brane captures or probes the "black hole - string transition" . We will return to this 
question in section [9j 
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5.2.6 electric field and long string formation 

One simple generalization of the rolling D-brane was, as we studied in section 5.1.3, the 
inclusion of the linear dilaton. Another simple generalization is to introduce constant electric 
field on the D-brane, i.e. we introduce the fundamental string charge [1401 1141] . 

In order to introduce the constant electric field (say F 01 = e) on the D-brane, we can use 
the stringy version of the Lorentz boost. The successive applications of T-duality, Lorentz 
boost and inverse T-duality, we end up with the boundary states with electric flux. Opera- 
tionally, the transformation is 

|0}^ 7 |0) , t^-y-H , u^-yu 
^ A-ftV f£UA(£l, (5.39) 



where 



A = ^(! I) • 7 = 7i=i- < 5 - 40) 

From this transformation law, the energy momentum tensor can be easily read as 

Too ~ #7 

T i ~ —Ee 2 -] 1 — E^~ x exp(— 7 _1 t) 

T u J B7- 1 exp(- 7 " 1 t) , (5.41) 

in the t —>■ oo limit. The study of the closed string radiation from the boundary states is 
straightforward. When x 1 direction is noncompact, the result is 

(N)=y [ dfc gKjill! ~ [°° dMJp(c)(M)e~ 2 ^ M = I™ &Me- 2 ^-^ M (5.42) 
^ J 2u k ,M J v J 

and the total emission rate is exponentially suppressed essentially due to the Lorentz time 
delay [Ti2l[T43] . 

Now let us suppose that x l direction is compactified with the radius R. In this case, we 
have to sum over the winding mode: 

n(m) = y f dfc ^ Mf)|2 ~y [ dke -^W(^)^+M>-eR W) (543) 

J 2^k,M J 

For large M, the summation over w can be evaluated by the saddle point methods, which 
leads to 



(N) ~ / &M^J p(?){M)N{M) ~ / dMM 13 (5.44) 



We recover the power- like behavior of the emission rate [T4~4j r 1 The computation reveals 
that the winding mode dominates the emission rate in the electrified D-brane decay. Math- 
ematically, this is due to the (T-dualized) Lorentz invariance in the R — > limit. Physically, 
the decay of the D-brane produces many long macroscopic strings as a final decay product, 
which has a cosmological significance as we will review in section [531 



The power dependence {3 is determined from the details of the model e.g. dimensionality of the D-brane 
and the details of the internal CFT etc. 
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5.3 Classical correspondence 



The Dirac-Born-Infeld form of the rolling tachyon effective action (15. II) suggests a possible 
geometrical interpretation of the open string tachyon condensation. Such a geometrical 
interpretation of the rolling tachyon process would shed a new light upon our understanding 
of the nature of the open string tachyon and its condensation. It would also provide a 
guiding principle for a geometrical interpretation of the closed string tachyon condensation, 
for qualitative properties of the closed string tachyon condensation are poorly understood 
compared with the open string tachyon condensation. 

In |145j . an interesting connection between the D-brane motion in the (near horizon) 
NS5-brane background and the rolling tachyon dynamics was pointed out. Since the NS5- 
brane has a tension proportional to l/<7g, in perturbative string theories, we can regard it as 
a fixed background, in which the D-brane, whose tension is proportional to l/g s moves. In 
other words, in the perturbative string theories, the probe D-brane approximation is good 
and trustful. 

The effective action for the D-brane motion in NSNS-background (i.e. without any R-R 
fields), is given by the Dirac-Born-Infeld action 

S = -T P J d p+ Ve-*^/- det(X*[G + B}^) , (5.45) 

where X*[G + B] denotes the pullback to the Dp-brane world- volume. 

As proposed in [145] . let us consider the DO-brane motion in near horizon NS5-brane 
geometry (12. 3p 1^1 Let us fix the world-sheet reparametrization invariance by taking the 
static gauge cr° = t. In this gauge, the DBI action reduces to 

S = -T J dte^ v 7 ! -P 2 , (5-46) 

where dot denotes the derivative with respect to ct = an d we have rescaled the radial 
direction p so that we have a canonical kinetic term. 

Let us compare the effective action for the radion field p ( 15.461) with the open string 
tachyon effective action ( 15.11) . It is almost clear in the large (negative) region of p, these 
two expressions essentially coincide with each other@ This is the classical "tachyon - radion 
correspondence": one can identify the effective action for the rolling tachyon problem with 
the effective action for the rolling D-brane in the NS5-brane, or linear dilaton, background. 
The "radion field" p plays the role of the tachyon field T here. Note, however, that the 
radion field is actually not tachyonic, although it has run-away potential, nor has an unstable 
extremum in the potential because it is a massless field at the tree level. 

One can readily solve the classical equation of motion based on the action (I5.46P as 

p 

e V2k = c cosh 



68 If one considers a homogeneous motion of the D-brane, the net result does not depend on the spacial 
dimension of the D-brane. We also assume that D-brane sits at a point in the internal space § 3 . 

69 If one take k = 2, the coincidence becomes exact including the numerical factor in the tachyon (radion) 
potential. 
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which agrees with the late time behavior of the rolling tachyon problem (15. 3p . The energy 
momentum tensor can be read as 



oo — 



E5(p- Po (t)) 



Op - 



i^tanh 



(^)*- p » (t)) 



— .Esech 




S(p - po(t))6ij (i, j = 1, • • • ,p) , 



(5.48) 



where po(t) is the classical solution of the radion motion ( 15.47ft . As expected, the energy 
momentum tends to that for a pressure-less dust as t — > oo. The (Op) component has a 
natural interpretation as the momentum transfer in the p direction because the decaying 
D-brane moves in the p direction almost at the speed of light as t —>■ oo. 

What is the end point of the "radion condensation"? In the case of the open string 
tachyon condensation, Sen's conjecture states that we end up with the closed string vacuum, 
where the open string excitation becomes infinitely massive and disappear from the physical 
spectrum. From the effective field theory approach taken here, it is difficult to establish 
this statement in a satisfactory manner because in the large p regime, the effective string 
coupling becomes larger due to the linear dilaton gradient. One way to study this might be 
to uplift the system to M-theory (e.g. by using the interpolating metric proposed in |146j ). 
The subsequent physics, however, is intuitively clear: the D-brane will be absorbed into 
the NS5-brane and form a non-threshold bound states. The open string spectrum on the 
D-brane should be modified so that it matches with the excitation on the bound statesf^l 

There are several generalizations of the problem. One interesting question is whether we 
can obtain the effective DBI action having the exactly identical potential with the rolling 
tachyon not only in the large p region. This is possible by considering an array of the 
NS5-brane on R 3 x S 1 rather than the stack of NS5-branes in M 4 |147j . Because of the 
oppositely-directed attractive force between two NS5-branes, the potential of the D-brane 
can have a local extremum: 



which completely agrees with (15.11) . Unfortunately, unlike the NS5-branes on M 4 , the exact 
quantization of the rolling D-brane in this geometry is unavailable 

Another interesting generalization is to consider the D-brane motion in the non-extremal 
black NS5-brane background. Interestingly, after a simple coordinate transformation, the 
classical motion of D-brane in the non-extremal NS5-brane (outside of the horizon) is iden- 
tical to that in the extremal NS5-brane. To see this we note that, by introducing 'tachyon' 
variable Y = log sinh p, DBI Lagrangian of the DO-brane can be cast to that of rolling 

70 It would be an interesting open problem to study the tachyon - radion correspondence from the open 
string field theory and prove the analogue of Sen's conjecture. 

71 The exact boundary states for static (unstable) brane in a similar background has been constructed in 
[27] . which reproduces the mass of the geometrical tachyon (i.e. radion). 




(5.49) 



77 



tachyon: 



L D0 = -e"*y i^J = —V(Y)V 1 — Y 2 where V{Y) = M e Y , (5.50) 

if we restricted ourselves to the region outside of the horizon. An important point is that, in 
sharp contrast to the extremal background (12. 3ft . the dilaton is finite everywhere. Thus, the 
strong coupling singularity is now capped off by the horizon. The construction of the exact 
boundary states for the rolling D-brane in the two-dimensional black hole (or non-extremal 
NS5-brane) is one of the main themes of this thesis. 

For another example of exactly solvable deformation, one can introduce constant electric 
fields as we did in the rolling tachyon example. This has been studied in [148J, where 
we have constructed exact boundary states and have shown the correspondence between 
the electrified rolling tachyon problem and the electrified rolling radion problem even with 
a' ~ 1/k corrections. As yet another generalization, the rotating D-brane solution in NS5- 
brane background has been also studied in |145j . which could be regarded as a rotational 
Lorentz boosted solution as pointed out in [148] . but the exact boundary state is yet to 
be constructed. Other classical studies of D-brane motion in related background include 

[Tom n^n \mn nm [tm nm nm nmnmnmnmnmnmi\m[nMinm\ . 

Before concluding this subsection, we would like to stress again that the correspondence 
at the level of the effective action is only valid in the large p or T regime, where the effective 
action analysis loses its validity because the effective string coupling grows there. Therefore, 
the quantum correspondence we will prove in later sections, based on the one-loop string 
perturbation theory, is actually not so obvious, and we should rather regard it as a highly 
nontrivial statement of the universality of the properties of decaying D-branes. 



5.4 Quantum correspondence 

So far, we have mainly discussed the classical correspondence between the rolling tachyon 
problem and the rolling radion problem at the level of the effective action. Aside from 
the debate over the effectiveness of the rolling tachyon DBI-like action (15.11) , we have one 
tunable parameter k in the rolling radion problem, so it is important to analyse a possible k 
dependence of this correspondence. 

We know that 1/k measures the a' corrections to the background geometry from the 
discussion in section [2J When k becomes larger, the classical geometry, and hence, the DBI 
action is more trustful. On the other hand, when k becomes smaller, the geometry shows 
large a' corrections and the effective action approach may break down. Especially, the exact 
correspondence at the level of the effective action requires k = 2, which is rather in a strongly 
coupled regime@ 

In particular, if one considers the two-dimensional black hole geometry (as the non- 
extremal NS5-branes background), the appearance of the stretched horizon blurs the geome- 
try. In addition, we expect a "black hole - string transition" at k = 1. It is of utmost interest 
to probe such a phase transition from the rolling D-brane. 

72 In the bosonic case, we need to set k = 1. 
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In the following sections, we will construct the exact boundary states for such rolling 
D-branes in NS5-brane background, and reveal the nature of the 1/k ~ a' corrections to the 
tachyon - radion correspondence. After the construction of the exact boundary states, we 
study the closed string radiation rate as we did in the rolling tachyon case in section 15.21 and 
compare the results. 

For convenience, we summarize our main physical results here PQ: 

1. The closed string emission rate from the rolling D-brane (which will be computed in 
section 18. 2p yields exactly the same behavior as that from the rolling tachyon (which 
was computed in section 15. 2p . Especially, the power-like behavior of the spectrum 
density does not depend on k (up to an overall normalization). This is true as long 
as k > 1, and confirms the tachyon - radion corresponding from the exact boundary 
states. 

2. Independence of the extra parameter k, which even governs the world-sheet (stringy) 
a' correction suggests a universal nature of the decaying D-brane: all the energy of 
the D-brane will be radiated as a gas of closed strings, whose dominant contribution 
comes from the highly massive (long) strings. If one introduces the fundamental string 
charge, as an electric flux, the dominant contributions from the rolling D-brane again 
comes from the winding strings as we have seen in the rolling tachyon problem in 
section 15.2.61 

3. The situation changes drastically if one studies the case k < 1. The closed string 
emission rate is exponentially suppressed, and the tachyon - radion correspondence 
breaks down. This is in accord with the "black hole - string transition" at k — 1 
discussed in section HI Our result is the first physical manifestation of the "black hole 
- string transition" in the two-dimensional black hole probed by the rolling D-brane. 



5.5 Cosmological implications 

From the early days of its invention, the rolling tachyon system has also been studied in 
the context of the cosmological applications. In particular, the realization of the inflation 
in string theory has attracted more and more attention recently with increasing evidence 
for the existence of such period in the history of our universe (see [166J and references 
therein). Indeed, one of the simplest proposals for the inflation from the string theory is the 
tachyon inflation, where the (open string) tachyon plays the role of the inflaton [1671 11681 
11691 11701 H71] . The tachyon - radion correspondence discussed so far enables us to consider 
varieties of radion (or geometrical tachyon) inflation. From the classical tachyon - radion 
correspondence, many features of the tachyon inflation can be translated into that of the 
radion inflation with more generalities [172j . 

The starting point of the tachyon (radion) inflation is (minimal) coupling of the DBI-like 
action (15. ip (I5.46P to the gravity: 

L eS = V=9 ( 77^77 - V(T)y/l + gl^mJT) . (5.51) 
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For our realistic application, we consider the four- dimensional (non-compact) space-time, 
and 8ttG = M~ 2 with the four- dimensional Planck constant M p . Under the assumption 
of the Friedman-Robertson- Walker isotropic universe, the four dimensional metric can be 
written aJl§ 



ds 2 = -dt 2 + a(t) 2 dx 2 (i = 1, 2, 3) . (5.52) 

We begin with the equation of motion for T: 

f ■ V 

+ 3HT + — = , (5.53) 



1 - T 2 V 

where the prime denotes the derivative with respect to T (i.e. V = dV(T)/dT) and the 
dot denotes the time derivative. H here denotes the Hubble parameter H = a/a. In the 
slow-roll approximation (i.e. T ^> 1), the Friedman equation reads 

and the slow-roll equation reduces to 

V'(T) 

3HT = — . (5.55) 

For the slow-roll parameter rj ~ {H') 2 / H 4 to be small enough, we must require 

(V) 2 

H 2 » ^ ■ 

Suppose our (geometrical) tachyon potential has a local extremum as is the case with 
the rolling tachyon and the geometrical tachyon in the array of NS5-brane backgrounds. 
Inflation near the local extremum is possible if H 2 ^> |m 2 |, where m 2 is the mass for the 
(geometric) tachyon. The condition is equivalent to 

It, » w. • < 6 - 67 ' 

where v is the volume of the compactification0 and if we kept track of every numerical 
factor, we could find C ~ 260. In the original rolling tachyon problem, k = 2 and it is 
difficult to find a consistent solution in the perturbative string theory while maintaining 
the COBE normalization H/M p ~ 10~ 5 [1671 1168"] . In the geometric tachyon, we have one 
parameter k, and if we choose large enough k, it is possible to satisfy the condition (15.571) 
consistent with the COBE normalization. We can also satisfy the slow-roll condition in the 
geometric tachyon. For instance, rj <C 1 is equivalent to the condition H ^> \m\ for T < 0(1). 



73 Since the inflation flattens the space in an exponential manner, we have assumed a flat space universe 
for simplicity. 

74 We are assuming a direct product type compactification. If we consider the warped compactification, 
we can relax the condition. 
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The key point here is that we have an extra tunable parameter k to obtain a sustainable 
inflation in the case of the geometric tachyon unlike the original rolling tachyon cosmology, 
where such a tunable parameter is absent. 

Nevertheless, we still have a serious drawback of this rolling tachyon (radion) type cos- 
mology as pointed out in |167l 11681 1171] . The problem is related to how the inflation will 
end. Since the effective potential for the rolling tachyon (radion) runs away exponentially 
as T — ► oo, there is no minimum for the tachyon to oscillate. Therefore, it is allegedly 
impossible to reheat the universe to produce various matters, i.e. after the tachyon inflation 
we end up with an empty universe, which is of course unacceptable. 

Again in the contex of the geometric tachyon (radion), we can avoid this reheating prob- 
lem by preparing a ring of the NS5-branes and evolution of the D-brane inside the ring [172J. 
The effective potential has global minima and the oscillation around the minima produces 
the reheating needed to produce matter and hence our galaxies. 

We can continue this line of reasoning and study for instance the spectral index of the 
cosmic microwave background etc, but this is not the main scope of this thesis. Rather, we 
would like to point out how inaccurate this kind of effective action analysis for the rolling D- 
brane is after coupling to the massive closed string sector. Especially, the stringy treatment 
of the decay of the D-brane completely changes the nature of the reheating from such rolling 
tachyon (or D-brane) systems. 

Let us begin with the following illustrative toy example. In the above discussions, cou- 
plings of the (decaying or rolling) D-brane to higher massive stringy modes (except for 
graviton) have been neglected. In the usual field theory, we expect corrections to the ef- 
fective action of order ~ M 2 /M 2 , where M 2 denotes the mass of the fields integrated out. 
The point is that we have to sum over infinitely many massive fields: e.g. in the Kaluza- 
Klein theory, M 2 oc n 2 , where n denotes the internal momenta, so the summation over n 
schematically gives 



which is finite. However, in string theory, the number of massive string modes grows ex- 
ponentially p(M) ~ exp(/5n g M) as we discussed the Hagedorn temperature in section 14.11 
Thus the summation over all the massive modes with the coupling ~ 1/M 2 clearly diverges. 

In reality, the coupling to the massive closed string sectors is much softer and the expo- 
nentially suppressed as exp(— (3M). The case-by-case computation is needed to see which 
exponential factor governs, but from our results (summarized in section 15.51) it seems univer- 
sal that the exponential part cancels out and the closed string backreaction is characterized 
by a power-like behavior irrespective of the superficial strength of the a' ~ 1/k corrections!^! 

In this way, we can conclude that the reheating of the universe through the rolling tachyon 
- radion is rather effective than one might expect from the naively truncated effective action. 
As the direct calculation shows, almost all of the energy is radiated as the closed strings 
without any need for the oscillation around the extremum@ The actual problem, therefore, 

75 It is also interesting to note that the exponential suppression of the higher massive modes occurs when 
k < 1 in the regime where the supergravity approximation is invalid. 

76 As we have discussed in section. 15.21 the emission rate is power-like finite for higher dimensional brancs. 
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is how we can transmit energy from the radiated (massive) closed string to the standard 
model sector. This problem is rather model dependent and we will not study it any further 
in detail here (see e.g. [1731 H74[ I175[ 1176] for recent studies). 

As we have studied in section 15.21 the final decay product of the rolling tachyon and 
rolling D-brane is highly probable to be long closed strings. This can be directly seen by 
assigning fundamental string charges to the unstable D-branes, but without assigning such 
charges, intuitively it is expected to be so by considering a pair production. This is in good 
agreement with the usual Kibble mechanism of producing long macroscopic strings in the 
universe: causally disconnected region creates long strings and they evolve independently. 
It would be of great interest to study this problem quantitatively from the string theory 
viewpoint and determine a remaining density of cosmic strings associated with the D-brane 
decay (see |177] for a review of cosmic strings from the superstring theory). Such studies 
will verify or even exclude the geometric tachyon inflation. It is also of great importance 
to revisit the reheating process of various D-brane inflation scenarios to see whether the 
classical oscillatory contribution is really dominant over the emission of the highly massive 
string modes. 



However, this does not mean an effectiveness of the truncated effective action (DBI+FRW such as (|5,51jl ) 
to discuss the closed string backreaction. It just means that it is more effective to decay by disconnecting 
patches of D-brane as DO particles (assuming it is uncharged). Mathematically, it is just an artefact of the 
one-point decay and the one-point decay is no more effective than the higher-point decay. 
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6 D-branes in Two-dimensional Black Hole 



We now begin with our studies on D-branes in the two-dimensional black hole background. 
In this section, we review the D-branes in the Euclidean two-dimensional black hole. The 



organization of the section is as follows. In section 16.11 we classically analyze the D-branes 
in the two-dimensional black hole and derive the mini-superspace boundary wavefunction. 
In section 16.21 we review the exact boundary states describing the D-branes in the two- 
dimensional black hole system. 

6.1 Classical D-branes 
6.1.1 DBI analysis 

The classification of the D-brane in general curved backgrounds is given by the solution of 
the Dirac-Born-Infeld action coupled with Chern-Simons action@ The total effective action 



is 



S=-/i p f d p+1 £e- V- det(G ab + B ab + F ab ) + ip p j e F * +B * A £ C q , (6.1) 

J J q 

where the summation over C q should be taken over all R-R fields in the theory we are 
considering. 

In this section, we study the D-branes in the Euclidean two-dimensional black hole: 

ds 2 = fca'(tanh 2 p d6 2 + dp 2 ) , e 2 * = . (6.2) 

/icosh p 

In the Euclidean two-dimensional black hole background, there exist no Kalb-Ramond B^ u 
field nor the R-R fields, so the effective action is simply given by the DBI term with possible 
electro-magnetic flux F^ v on it. Since we are in the Euclidean signature, the DBI action 
(16. ip should be Wick-rotated in an appropriate manner 1^1 

S E = p p J d p £e-*^det(G ab + B ab + F ab ) . (6.3) 

We begin with the (Euclidean) DO-brane. The DO-brane is a point particle and the DBI 
action on it is simply given by 



Sdo = Poe oc cosh p . (6.4) 

It is clear that the extremum of the action is obtained when p = 0. Thus we conclude that 
the DO-brane is localized at the tip of the cigar. 



77 0f course, one could imagine unstable D-branes whose effective action is not given by the DBI action + 
Chern-Simons, but they are outside the scope of our discussion. 

78 Our "Wick rotation" here is nothing but adding a (dummy) extra decoupling time direction and set 
trivial Neumann boundary condition along the time. In particular, we will assume F + B is real. 
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Next we study the Dl-brane. The DBI action for the Dl-brane is given by 

S m = fi 1 J d9 cosh p(9)^p'(9) 2 + tanh 2 p(fl) , (6.5) 

where we have fixed the reparametrization invariance by using the gauge £ = 9. The equation 
of motion is easily solved from the "energy" conservation: 

tanh 2 p 

const = cosh p — ^^^=^^^= (6.6) 
^/(p') 2 + tanh 2 p 

as 

sinh(p) cos(0 — 9q) = sinh p . (6.7) 

For later purposes, we note that if one uses the complex coordinate 

u = sinhpe* 9 , u = sinhpe - * 61 , (6.8) 

the classical trajectory (16. 7\\ takes the form of a straight line in the complex u plane. This 
can be also seen from the fact that the DBI action takes the flat form 



in this coordinate. 

We finally examine the D2-brane. In this case, we can introduce a magnetic flux F p g = 
f(p, 9). By fixing the reparametrization invariance as £i = p, £2 = 9, the DBI action reads 

Sd2 = P2 J d9dp cosh psj tanh 2 p + f 2 (p, 9) . (6.10) 



From the Gauss law constraint, we have 

cosh p/(p, 9) 



(6.11) 



'tanhV + i^p, 9) 

which determines the magnetic flux as 



np0) = p^P (612) 

cr — cosh p 

If c > 1, the D2-brane partially wraps the cigar and has a boundary at p = arccosh(c) 
because at that value of p, the magnetic field blows up. On the other hand, if c < 1, the 
D2-brane wraps the whole cigar. In the latter case, the magnetic field on the D2-brane 
induces a DO-brane charge near the tip of the cigar, which should be quantized. Writing 
c = sina < 1, we obtain the classical quantization condition as 

° - ° k e Z . (6.13) 
2ir 
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In quite a similar fashion, we can also study the classical D-branes in the T-dualized 
trumpet background: 



ds 2 = dp 2 + —^d9 2 , e* = ^—. (6.14) 
tanh p n smh p 

Since the discussion is completely in parallel, we only present the results. 

The DO-brane (probably Dl-brane?) could be localized at p = 0. Since p = is a 
singularity in the trumpet geometry, the presence of such D-branes are not obvious at all. 
Formally, we can regard it as a T-dual of the DO-brane of the cigar geometry. 

The Dl-brane is given by the solution of the DBI action 



Sdi = fim I dflsinhpW- — h (p') 2 > ( 6 -15) 

tanh p 

in the static gauge. The solution is given by 

coshpcos(# — 9q) = 7 . (6.16) 

when 7 > 1, the Dl-brane is connected, while when 7 < 1, the Dl-branes go through the 
singularity and possibly they become disconnected. Naturally, the Dl-brane in the trumpet 
geometry is regarded as a T-dual of the D2-brane in the cigar geometry. The parameter 7 
corresponds to the parameter c in the cigar geometry!^! 

The D2-brane is classified by the solution of the DBI action 



S D 2 = PD2 [ dpdflsinhpJ — X — + F 2 . (6.17) 
J y tanh p 

The Gauss law constraint gives 



(3 2 

(6.18) 



tanh p(sinh p — (3 



The D2-brane always has a boundary at p = arcsinh(/5). The D2-brane in the trumpet 
geometry naturally corresponds to the T-dual of the Dl-brane in the cigar. The parameter 
identification is obviously given by (3 = sinh p appearing in (16.7j) . 



6.1.2 group theoretical viewpoint 

In section 16.1.11 we have studied the classical D-brane in the Euclidean two-dimensional 
black hole from the effective DBI action. Since the two-dimensional black hole system can 
be realized as the SL(2; R)/Z7(l) coset model, we can study the classification of the D-brane 
from the gauged WZNW model pd EH HHDl HHH E82J CEEBj. Indeed all the D-branes 
discussed in section 16.1.11 descend from the branes in the parent SX(2;R) WZNW model. 

79 The parameter #0 can be T-dualized to the holonomy of the gauge field in the cigar. Since the 
D2-brane has a nontrivial fundamental group ~k\ = Z, different Aq gives a different D-brane (for c > f). 
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The starting point is the D-branes in the parent SL(2; M) WZNW model. We focus 
on the maximally symmetric D-branes for technical simplicity. As we proceed, we will see 
that the maximally symmetric D-branes are enough to obtain all the D-branes constructed 
from the DBI analysis done in section 16.1.11 The maximally symmetric D-branes in the 
WZNW model are classified by the (twined) conjugacy class of the group G with a possible 
quantization condition |184[ 11851 H86[ I187[ I188j . We call them A-branes (conjugacy class) 
and B-branes (twined conjugacy class) respectively. 

In our SL(2;M) group with the Euler angle parametrization g = e t(72 ~ e prJ1 e" 72 ~ , the 
conjugacy class is given by 

Tr(g) = 2 cost coshp = 2k, (6.19) 
and the twined conjugacy class is given by 

Trfag) = 2cos#sinhp = 2k' . (6.20) 

up to conjugation. 

The D-branes in the axial coset model is obtained by gauging g by hgh, where h a = e la2a 
in our case. For A-brane, we have to sum over the gauge orbit of the parent D-brane 
parametrized by k in order to obtain a gauge invariant object. The gauge transformation of 
the conjugacy class is given by 

Tr{h a gh a ) = 2cos(t + a) coshp, (6.21) 

so the gauge invariant orbit of the parent D-brane is given by 

coshp>K. (6.22) 

Projecting it down on the coset coordinate (in the gauge t = 0) is now trivial, and we have 
obtained the D2-brane wrapped (partially) around the cigar whose world volume is restricted 
by the condition (16. 22ft . The shapes of the A-branes obtained here are in complete agree- 
ment with the ones obtained from the DBI analysis in section 16.1.11 The precise parameter 
identification is c = k for the D2-brane@ We also note that A-brane is invariant under the 
isometry of the coset in this construction. 

Similarly from the parent B-brane, we can construct the Dl-brane of the coset. In this 
case, since the twined conjugacy class is already gauge invariant, we can directly project 
( I6.20j) down onto the coset coordinate. The resulting Dl-brane trajectory is given by 

sinh p cos 9 = k! , (6.23) 

which is nothing but the one obtained in (16.71) from the DBI analysis (with 9q = 0). The B- 
brane constructed in this way breaks the isometry of the coset, so it has a Nambu-Goldstone 

80 There are several independent ways to justify this parameter identification. For instance, one can show 
it directly from the detailed study on the boundary conditions of the gauged WZNW model with boundaries. 
In |189j , they have shown that the parameter k is indeed the field strength appearing in the effective action 
of the D-brane at the boundary by using the T-duality technique. Their study of the SU(2)/U(1) model 
can be translated to our Euclidean SL(2;R)/U(1) model with no essential modifications. 



mode along the 6 direction. This corresponds to the rotation of o\ and 03 in the definition 
of the twined conjugacy class (I6.20p . 

We could repeat the same analysis for the vector coset (~ trumpet geometry). Since the 
argument is completely in parallel, we skip the detailed discussion, and simply note that the 
results agree with the DBI analysis. 



6.1.3 mini-superspace boundary wavefunction 

In the context of the string theory, D-branes can be described either from the open string 
viewpoint or from the closed string viewpoint (i.e. channel duality). Technically, this is 
achieved by the modular transformation of the cylinder amplitudes. The boundary state \B) 
is defined by 

Sunder = j dt Tr e"^ = j ^(B\e~ M \B) , (6.24) 

where H Q = L Q is the open string Hamiltonian while H c = L + L is the closed string 
Hamiltonian. The boundary state \B) satisfies the gluing condition 

(L n -L_ n )\B) =0, (6.25) 

for the energy-momentum tensor (and similar gluing conditions for any other conserved 
currents if any: see section l6~2l for further details). 

At the level of the minisuperspace approximation, the boundary states can be seen as 
the coupling of the D-brane to the closed string zero mode: 

f°° dp 

(B\ mini = J^ ^ Q (p,n)((p,n\ , (6.26) 

where \p, n)) is the so-called Ishibashi state [190J associated with the primary states \p,n) 
(see section [6721 for details), but in the mini-superspace approximation, there is no difference 
between the two \p, n)) ~ \p, n) because they are different only in the non-zero mode sector. 
The semiclassical boundary wavefunction ^> {p,n) is obtained from the overwrap between 
the D-brane and the primary state \p, n) as 

*o(p,n) = (B\p,n) . (6.27) 

The explicit form of the primary state \p, n) and the classical trajectory have been given in 
the form of the minisuperspace approximation as we have studied in section l3.2.3l and section 

EXU 

In the following, we compute the minisuperspace boundary wavefunction f° r each 
D-branes studied in section 16.1.11 The results will be compared with the proposed exact 
boundary states in section 16.21 We expect that they will agree with each other in the semi- 
classical limit (k — > 00), and indeed they do as we will see. 

Let us begin with the DO-brane. Classically, the DO-brane is localized at the tip of 
the cigar p = 0, and the boundary wavefunction is simply given by the minisuperspace 



87 



wavef unction for \p,n) evaluated at p = 0. From the explicit minisuperspace wavefunction 
(I3.48p . we can easily derive 



<V n) = -«M.p^L = ■ «>*>> 

We note that DO-brane does not couple to the momentum mode along 9, which is consistent 
with the interpretation that the DO-brane is an A-brane (see section 16.1.21) . The exact 
analysis shows that it couples to the winding mode and the discrete states localized near the 
tip of the cigar, but the minisuperspace analysis cannot capture them. 

Next let us consider the Dl-brane. Classically, the Dl-brane has the shape of the hairpin. 
A semiclassical D-brane boundary wavefunction is the weighted sum of the wavefunction 
of closed string states restricted to the location of the D-brane. In the mini-superspace 
approximation, as is implicit in [79], the weighted sum equals to the overlap between the 
mini-superspace wavefunction and the delta function constraint enforcing (p, 9) coordinates 
over the hairpin trajectory (16.71) (with respect to the volume element ( I3.47P ). The result is 

r°° /*f+0o , v 

/ sinhp d sinhp / d9 5( cos(6 — 9 ) sinhp — sinhp )<^(p, 9) 
Jo J v ' 

^O'^^€(p(Po,0'),0')e ineo , (6.29) 

2L COS U 

2 

where 9' = {9 — 9 ) and p(p ,9') refers to the solution of cos 9' sinhp = sinhp . Using the 
decomposition (13.541) . we are then to evaluate integrals: 



sinhpo a , Q , 2nT(ip) . 

d ^ ^Mpo, 0),9) = -—— — — ^— e 

^ r Rn (p(Po, 0), 9) = n 2 l\ { ~^ ■ , . (6.30) 

COS 9 H ' n rvru ' n ' p (X _ ip±n \ p (\ _ ip-n \ V / 

\2 2 / \2 2/ 

Details of the computation are relegated in Appendix IA.5I Using the mini-superspace reflec- 
tion amplitude (I3.5ip . we then obtain 

*S(p Q A;p,n) = r ( i + Mm + fa) eme ° ( e_W ° + (- 1 )" e+w °) • ( 6 - 31 ) 

The Dl-brane couples to the momentum mode as is clear from the geometry, which is 
consistent with the interpretation that the Dl-brane is a B-brane (see section 16.1.21) . 

Finally, we study the D2-brane. The D2-brane is parametrized by the parameter c 
appearing in the amount of the magnetic flux (16. 1 2D . Since the qualitative features of the 
D2-brane seem to be different for c > 1, and c < 1, it is natural to study them separately. 
Since the mini-superspace analysis for the D2-brane has not been available in the literature, 
we would like to present it slightly in detail herein 



81 The author would like to thank S. Ribault for stimulating discussions on this problem. 
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Let us begin with the case when c > 1. The D2-brane only partially wraps the cigar 
because at p — arccosh(c), the field strength diverges. We parametrize c = coshr . 

Since the D2-brane couples to the winding states, the minisuperspace analysis is only 
possible for the zero winding sector @ The (zero momentum/winding) minisuperspace wave- 
function is given by 

T 2 (-j) 

(j)p,m=o(p) = - T (_ 2j _ + 1; 1; ~ 

= (si nh,r^(i4,i + |;l + iK --L-) 

T(-^)r 2 (i + f) 1 H) \2 2'2 2' " sinh 2 p/ 

where j = — \ + |r. 

The boundary wavefunction in the minisuperspace approximation is given by 

r°° sinh n 

* 2 (ro) mim =/ dpcoshp^= p MP)- (6-33) 

Jro a/ cosh p — cosh r 

Now we can perform the integration as follows 

f dpcoshp - Sinhp (sinhp)- 1 "^ + + + L- 

A Vcosh 2 p - cosh 2 r V 2 2 2 2 smli p 

= r ( » + i) f ( _ ir(smllVo) -.- f Ar(n + f)r(| + f + ,») 

v 2 2 / n=0 

- ^ -(sinh 2 r rf^F^,i + ^^ + l, 1 



T(i + f) V 7 2 V 2 '2 2" ' sinh 2 r 



'i + f) 2 



e- jpro . (6.34) 



We refer to the appendix IA.5I for the last equality (see also [lj). Combining it with the 
second integration that can be treated in the same manner, we obtain 

* 2 (n)) mmi = f cosG.ro) . (6.35) 

We can see that the boundary wavefunction for the partially wrapped D2-brane is consistent 
with the class 2 boundary wavefunction proposed in [191] at least for the zero winding sector 
(see section E2] for details). 

We can repeat our analysis when (3 < 1 and reproduces the minisuperspace limit of 
the class 3 boundary states in the zero-winding sector. In the T-dual picture, (partially 



2 We could avoid this problem in the T-dual picture, which will be discussed later. 
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wrapped) D2-brane in the cigar geometry is supposed to be given by the Dl-brane in the 
trumpet geometry!^! 

Let us now move on to the minisuperspace wavefunction for the Dl-brane in the trumpet 
geometry. From the semiclassical DBI action 



L = sinh py p 2 + k~ 2 coth 2 p , (6.36) 
the equation of motion is easily integrated with the help of the energy conservation: 

L — p^— = const , (6.37) 
op 

and one can see that the classical Dl-brane is described by the trajectory 

coshp = j^-: ^ =- . (6.38) 



cos 



0-e o )/k 



The appearance of the 1/k in the argument of the cosine is important. If k is an even integer, 
the asymptotic form of the D-brane trajectory is given by the coincident two-branes, while 
for an odd integer k, it is given by the parallel two-branes placed at the anti-podal points in 

glj84| 

The semiclassical boundary wavefunction is obtained by integrating the classical closed 
string wavefunction over the classical D-brane trajectory as 



* 2 (#o, r ) mini = e iw9 ° I cosh pd(cosh p) I d65(cos(9/k) cosh p - cosh r Q )(j> p , w {p 



CO 



2 

k* cos z {o/k) 



2 

r\ OK ( one ( f) I h\ n/~iGl~i n — r^aVi <r*„ \fh ( , 



(6.39) 



where p(r , 6) is the solution of cos(9/k) cosh p = coshr . The integration is feasible due to 
the formula 

/~ ~ coshr ,-,,,2, , s i ,•„,_, / 1 kw ip 1 kw ip , . cos 2 (9/k)\ 
d6 ^e lwe coshp )- 1 -«PF + — , - + — + — ; 1 + ip; V— ^ 
.M cos 2 (6/k) 1 H) \2 2 2 '2 2 2' " cosh 2 r J 



27iT{ip) 



_ e -ipr 



V(- _l 2E _|_ klE^Vt! _j_ 12 few > 

\2 *~ 2 *~ 2 / V2 ' 2 2 I 

(6.40) 



whose derivation is relegated to the appendix B (see also [1J). 



83 One subtle point of the trumpet geometry is that the semiclassical limit is unclear. We regard k — > oo 
as the semiclassical limit for p direction, but 6 direction is apparently not. We will neglect this subtlety for 
a moment. 

For general k, asymptotic position of the two branes breaks the (discrete) periodic symmetry. 
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In this way, we derive the minisuperspace limit of the boundary wavefunction that de- 
scribes the Dl-brane in the trumpet geometry: 



r(2j + 1) 
r(i+ J + f )r(i+j- , 



M0o,r o ) mim = N(b) — ■ - ■ )J*\ . kw e^cos(r (2j + 1)) , (6.41) 



where j = — \ + y. This should be identified with the boundary wavefunction for the 
partially wrapped D2-brane via the T-duality. Note that the for zero winding sector w — 0, 
the wavefunction agrees with the direct evaluation (16.351) . 

In a similar manner, the classical boundary wavefunction for the totally wrapped D2- 
brane is given by 



tt 3 Mo) = r(2j + l)e 



r ( 3 + Ja(2j+l) + r ( 3 2) c -jq(2i+X) 



(6.42) 



r(j + 1 + f ) r(j + 1 - f 

The parameters r and a are supposedly related to the magnetic flux on the D2-brane: 

F = J^JL Mf , , (6 . 43) 

cosh p — p 

where (3 = sin a for (3 < 1 and (3 = coshro for f3 > 1. We expect that these two classes of 
branes coincide in the limit (3 = 1 (i.e. a = ±| and r = 0). 

From the geometry of the semiclassical D-brane, we expect that if one takes a suitable 
limit of the boundary states, the class 2 D-brane (partially wrapped D-brane) will coincide 
with the class 3 D-brane (totally wrapped D-brane). To compare these two branes, we can 
directly show that 

^ 3 (tt/2, — Ajtt/2) + ^3(7r/2, kn/2) = 2 (0, 0) . (6.44) 
This result also shows that the boundary wavefunction ( 16. 42ft describes the half cut D2-brane. 

6.1.4 embedding into NS5-branes 

We have obtained the classical D-brane solutions in the (Euclidean) two-dimensional black 
hole background. As we have reviewed in section [2j we can embed the two-dimensional 
black hole into the superstring theory as NS5-branes (or more generally little string theories 
on singular Calabi-Yau spaces). Here we would like to summarize some of the D-brane 
solutions in the NS5-brane background to see how one can construct them from those in the 
two-dimensional black hole system [S21 ESI HSU EH EH 123 EE!- 

Let us first concentrate on the Dl-brane solution in the ring-likely separated NS5-brane 
solution ( 12.131) corresponding to 



SL(2;R)k v SU(2) k 
U(l) X U(l) 



(6.45) 



Naturally, we can combine various D-branes in the SL(2;M)/U(1) coset and SU(2)/U(1) 
coset to construct D-branes in this background. We further focus on the two-plane x s = 
x 9 = 0, setting 9 = 0. 
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The first combination is the DO-brane in the cigar and the Dl-brane in the bell. The 
result is the Dl-brane stretching between NS5-branes as in figure [71 In the context of the 
LST, we interpret them as W-bosons. The second combination is the (uncut) Dl-brane 
in the trumpet and DO-brane in the bell. The resulting geometry is the straight line on 
the x 8 = x 9 = plane as in figure [7J The third combination is the cut Dl-brane in the 
trumpet and DO-brane in the bell. It corresponds to the semi-infinite D-brane attached to 
the NS5-branes as in figure [7J 

The geometries of the D3-brane are much more complicated. We would like to refer to 
[196] 1195] for detailed study of the D3-brane geometries in the NS5-brane background. 

Recently, a static D-brane configuration in the black hole background has attracted much 
attention for a possible application to the phase transition of the fundamental matters in 
QCD |197j . In our two-dimensional black hole setup, it amounts to the study of the D-brane 
in the black NS5-brane background. In the Rindler limit studied in |197j . the difference 
between the black NS5-brane and the black D-brane does not exist. It would be interesting 
to study the exact boundary states for the D-branes in the black NS5-brane background to 
probe the a' corrections to the phase transition discussed there. 



Figure 7: The left figure shows W-bosons in LST. The central figure shows an uncut Dl- 
brane. The right figure shows cut Dl-branes attached to the NS5-branes. 

6.2 Exact boundary states 
6.2.1 Ishibashi states 

To construct the exact Cardy boundary states for the D-branes in the two-dimensional black 
hole background, we begin with the Ishibashi states. For definiteness, we first concentrate 
on the bosonic axial coset, which is given by the Euclidean cigar. 

The coset Ishibashi states naturally descend from those for the parent current algebra. 
The Ishibashi state satisfies the boundary condition 




(A, 



n 



n 



L 



J. 



n 



n 



)\A)) = Q 
)\A)) = Q 



(6.46) 



for A-brane and 



(L n -L_ n )\B)) = 
(J n + J_ n )\B)) = 



(6.47) 
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for B-brane. In terms of the primary states of the coset, A-boundary condition means 
m = to = ^r, and B-boundary condition means to = —m = |. Physically, the A-branes 
couple to the winding states while B-brane couple to the momentum states in the coset. 

The Ishibashi state is naturally endowed with the classification via the character of the 
coset model. For continuous series, we have the following normalization 

- . a 4(>-2) T 4fc 

B ((p',n'\e-^ L ° +L ^\p,n)) B = [S(p - p') + R(p,n)S(p + p')]5 n , rt 



,2 



A ({p',u;'\e-^ L ° +z ^\p,u;)) A = [5(p - p') + R(p, u>)5(p + p')] 8 U ^ Q ^ * , (6.48) 

where the subscript denote the boundary condition (either A- type or B-type), and R(p,n) 
(or R(p,u)) denote the reflection amplitude. The Ishibashi state is parametrized by the 
radial momentum p and the angular momentum n (or the winding number uo) . 

For the supersymmetric coset, we impose the following boundary condition for the Ishibashi 

states: 

(L n -L_ n )|A» = 
(Gf - iGl r )\A)) = 

(J n -J_ n )|A)) = 0, (6.49) 
for A-type boundary conditions, and 

(L n -L- n )\B)) = 
{C?-iG± r )\B)) = 

(J n + J. n )\B)) = 0, (6.50) 

for B-type boundary conditions. Both types of the boundary conditions are compatible with 
the diagonal N = 1 superconformal symmetry 

(G r -iG- r )\A or B)) , (6.51) 

where G r = G+ + G~ that should be gauged in the fermionic string theory. Physically, A- 
type boundary condition corresponds to Dirichlet boundary condition along the cigar angular 
direction, and B-type boundary condition corresponds to Neumann boundary condition. 

The Ishibashi states for the supersymmetric coset for continuous series is parametrized 
by three quantum number (p, to, s) . Our normalization is 

A ((p', u', s '\ e -^c(Lo+Lo) em y(Jo+Jo) | p? ^ ^ 

= S^'A^P - P') + 6 (P + P') R Ui -y, -y))^- ^ >s (ir c , y) , (6.52) 



for the A-brane, and 



B 



({p',n', s'\e-* T ^ Lo+Lo V^ Jo+J ^\p,n, s)) 



= Sn',n(8(p -p') + S(p + p')R(j, -, --))chjn tS (ir c , y) , (6.53) 
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for the B-brane. Here s denotes the spectral flow parameter. Note that the boundary 
condition demands m = rh = ^ for the A-brane and m = —rh = ~ for the B-brane. The 
J\f = 2 character chj, mjS is defined as 



Z 



ch hm , s (r,y) = g fe+ ^ + ^ +s ^ir > (6-54) 
for NS sector (z = e 27Tiy ). 
6.2.2 exact boundary wavefunction 

Let us first summarize the exact boundary wavefunction for the D-branes whose classical 
properties we discussed in section 16.11 We relegate a (partial) derivation of the exact bound- 
ary wavefunctions based on the modular bootstrap to section 16.2.31 

For the bosonic two-dimensional black hole, we expand the Cardy boundary states as 

(B\ = / dp Tj^fa m){(p, m\ + (discrete) . (6.55) 

Compared with the minisuperspace approximation (16.261) . we have allowed the winding states 
(for B-brane) and a possible discrete state contribution. In the following, we focus on the 
continuous part. The discrete part can be read from the analytic continuation of the bound- 
ary wavefunction ^>{p,m) with respect to the parameters of the continuous series restricted 
to the value corresponding to the discrete series (i.e. ^(j = m,m)). 

The exact boundary wavefunction for the DO-brane (class 1 A-type brane) is given by 

* Do(j '" ) = z/ > r(-2j-i)r(i-6*(2j + i)) ' (6 ' 56) 

where b = (k— 2) -1 / 2 , and u b = j^fepy - It is easy to see that the exact boundary wavefunction 
(I6.56P reduces to the mini-superspace result (I6.28P in the large k limit by setting to = up 
to a p independent overall normalization factor. The exact boundary state for the DO-brane 
couples to winding states. It also couples to the discrete series localized near the tip of the 
cigar. 

The exact boundary wavefunction for the Dl-brane (class 2' B-type brane) is given by 

*m(j, n)'* = Z f ( e ' r(2j+1) + (-l)^" (2i+1) ) • (6-57) 

The Dl-brane only couples to the momentum states. In particular, it does not couple to any 
discrete states. In the classical limit k — > oo, the boundary wavefunction reproduces that of 
the minisuperspace approximation (16. 3 1 H . 

The exact boundary wavefunction for the partially wrapped D2-brane (class 2 A-type 
brane) is given by 

*■»(,»"* = ^ ff+j + te^fS-te) ^'"^ + 1)) ■ (6 - 58) 
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It does not couple to the discrete states localized at the tip of the cigar as is expected from 
the geometry. We can readily see that the classical limit (k — > oo) of (I6.58j) reduces to the 
minisuperspace wavefunction f!6.4ip . 

Finally, the exact boundary wavefunction of the totally wrapped D2-brane (class 3 A-type 
brane) is given by 

*D2'(j,^r 90 = ^ 2j+1 r(l + b 2 (2j + l))r(2j + l)e^x 

T(-j + !f) ig(2j+1) r(-j - -f) c _ iui2i+1 ) 
r(j + i + if) r(j + 1 - f ) 

with the relative quantization condition a — a' = In rp^ , m e Z. 

The other possible exact boundary states for the two-dimensional black hole have been 
proposed in the literatures jl98U199[ I200j . However, they do not possess sensible open string 
spectra^ nor corresponding semiclassical limits, so we will not discuss them in detail here. 
Their properties are in many sense similar to the generalized ZZ branes proposed in [137J. 
As such they could be important so as to understand the nonperturbative contributions to 
the partition function of the two-dimensional Euclidean black hole. 

The boundary wavefunctions for the supersymmetric two-dimensional black hole are es- 
sentially the same as those for the bosonic one. In the NS sector, the only difference is to 
replace b 2 = with \. The boundary wavefunction for the other sector is obtained by the 
spectral flow. 



(6.59) 



6.2.3 Cardy condition and modular bootstrap 

There are several different ways to derive the boundary wavefunctions for the D-branes in 
the SL(2; M)/U(l) coset model. One of the simplest ways to obtain them is to descend them 
from the branes in the parent SL(2;M) WZNW model (or model). This method has a 
small drawback for our purposes because we should derive the boundary states for SL(2] R) 
WZNW model (or model) first |2Ulj . In this section, we take another root, which uses 
the so-called "modular bootstrap" method to derive all the A-branes in the Euclidean two- 
dimensional black hole@ 

The modular bootstrap method is intimately related to the Cardy condition for boundary 
states |202j. The Cardy condition is the physical constraint on the open string spectra 
between two different D-branes. Let us denote the boundary states for any pair of these two 
branes as \a) and |6). The Cardy condition says that the open string spectra between these 
two D-branes should have open string characters with positive multiplicities: 

Z a ,b = Tr a , fc g L ° = J2<Ml) > ( 6 - 60 ) 



85 Most of them contain tachyon in their spectra. Furthermore, they often have imaginary conformal 
weights when we study overlaps with class 2 (class 2') branes. 

86 As we will see, we cannot derive the boundary wavefunctions for B-branes in this approach. We need a 
more technically involved strategy such as the conformal bootstrap to derive them. 
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where Xi(o) is the open string character, and n l a b should be positive integers from the uni- 
tarity of the theory] 87 ! Now we modular transform the open string character r — > — 1/r in 
order to obtain the closed string description: 

{a\e^\b) = Z ab (q) = J2<b S v*M > ( 6 - 61 ) 

m 

with g = e _27n / T , where S^- is the modular S'-matrix for characters Xi- 

At this point, it is not immediately obvious whether the multiplicities n l ab are all positive 
integers if one introduces an arbitrary set of boundary states \a). This integrality condition 
is the Cardy condition for boundary states. The Cardy condition guarantees a physical 
interpretation of the open string spectra from the open-closed duality. 

Actually, there is a canonical solution of the Cardy condition based on the Verlinde 
formula [203]. We assume that the boundary state is a superposition of the Ishibashi states 
with normalization 

((¥ TwHc \j)) = 5 ijXi (q) ■ (6.62) 

We then assume the existence of the simplest boundary states (identity brane) |0) whose self 
overlap gives an identity representation in the open string sector: n~ ^ = 5 l . Since the fusion 
of the identity operator is itself, we have a relation 

\(0\j)\ 2 = So, ■ (6.63) 

As a consequence, the state |0) can be written as 

|6>=EV^b'»> (6-64) 

j 

up to an overall phase factor (possibly dependent on j). 
Now we define Cardy boundary states as 

which contains the open string spectrum n l ^ a = S l a in the overlap with the identity brane. 
These Cardy states satisfy the Cardy condition (16.60!) 

(a\j)(j\b) = ^ = J2 S «< b , (6-66) 

where n l ab is given by the Fusion coefficient M^ b that is a positive integral matrix. The last 
equality is due to a remarkable identity under the name of the Verlinde formula. The Verlinde 



87 Implicitly here we are assuming that the open string between \a) and \b) are bosonic. Otherwise the 
negative multiplicity is allowed as fermions. For NS-NS overlap, we expect that the overlap should contain 
bosonic excitations. 
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formula can be shown for unitary compact CFTs by studying the monodromy constraint for 
the torus amplitudes. 

Let us move on to the boundary wavefunction for A-branes in the two-dimensional black 
hole. Our first assumption is the existence of the identity brane, which will be identified as 
the DO-brane at the tip of the cigar. We assume that the self-overlap of this identity brane 
yields the identity representation summed over the spectral flow in the open string spectrum. 
Summation over the spectral flow is needed in order to guarantee the quantization of the 
U(1)r charge in the closed string spectrum 1^1 

For definiteness, we study the NS-sector of the supersymmetric SL(2; M.)/U(l) coset. Our 
assumption mentioned above is 

Z 00 = (0|e-^ (io+£ °-^ )+ ^ (Jo+Jo) |0) = Y <Jio,n,n(T )(l-g t J (6 g7) 

„ (l + yqS +n )(l + y- 1 qr n ) 

The modular S-transformation of the extended character of the identity representation (the 
identity character summed over the spectral flow) is given by [194] : 



f isin(7r(2j + l))sinf(2j + 1) 

/ dj 9 ■ el r ■ ( \ c Wt-c + discrete . 6.68 

J-i+iR, ~„ 2 sm(j + m)7r sm(j - m)vr 



J 00 



me I z 



The discrete terms are a little bit trickier to obtain, and we refer the complete form to 
original papers [194J. 

The boundary wavefunction is essentially obtained by taking the square root of the 
modular S-matrix in analogy with (16. 64ft . Expanding the identity boundary state as 

(0|= [ djV*(i,m) ((i,m| , (6.69) 

we obtain 

*0»o = Itl±l^t^zil . (6.70) 

u ' J0 b T(-2j - l)r(l -b 2 (2j + 1)) v ; 

We should note that the condition does not determine the (j, m) dependent phase factor of 
the boundary wavefunction. The ambiguity of the phase, however, is completely fixed by 
the reflection relation 

\E r (— p, m) = R(p,m)ty(p,m) , (6-71) 

together with the Hermiticity condition ^(p, mY = ty(—p, —m). 

The next assumption is the overlap between the identity brane |0) and the general brane 
| a) labeled by the character of the SL(2; M.)/U(l) coset model in analogy with (16. 65ft : 

^ e -nr c (Lo+L -^) +i y(J +J )^ = ^^y) . (g.72) 



88 0therwise, we obtain the D-brane in the decompactified theory, which has been studied in |204U198] . in 
the context of the AT = 2 Liouville theory. We also note that our summation over the spectral flow is different 
from |194j . where the summation is taken over n S fcZ for integral k. For A-brane, the latter summation 
leads to the integral ^7(1)^ charge (i.e. fractional ui quantum number). 
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We assume that the open string character appearing in the right hand side is given by 
the continuous series summed over the spectral flow (class 2 brane) and the discrete series 
summed over the spectral flow (class 3 brane). 

The S-modular transformation of the extended character for the continuous series (parametrized 
by J and M) is particularly easy: 



^2ch JM+n , n (T ,y) = -i ^2 I djch jimi0 (r c ,?/)e 

»c7 k r, 



r7T 



cos[-(2j + l)(2J+l)] 



(6.73) 



From the modular bootstrap ansatz (I6.72p . we obtain the boundary wavefunction corre- 
sponding to the continuous series as 



7T 



J,M 



V(-p, -m)^e — cos[-(2j + 1)(2J + 1)] 



2j 



k 

+1 r(2 J + i)r(i + 6 2 (2j + i)) _^ 



. 7T 



T(l+j + !f)T(l+j- 



e — cos[-(2j + 1)(2J + 1)] . (6.74) 

K 



With the parameter identification r$ = | (2 J +1), 6q = —2ttM, we have obtained the 
boundary wavefunction for the partially wrapped D2-brane. 

The S-modular transformation of the extended character for the discrete series are more 
involved: 



y-t {M+n) ch JM+n , n (T , y ) 

1 + y l qS 



mefz 
+ (discrete) 



djch ijm (r c ,?/)e 



2niMuj 



3 i(2J+l)(2j+l) 



-(2J+l)(2j+l) 



sin7r(j-f0 sin(7r(j + f^)) 



(6.75) 



From the modular bootstrap ansatz f 1 6 . 72 1) . we obtain the boundary wavefunction corre- 
sponding to the discrete series as 



J,M 



2j+l 



r(l + 6 2 (2j + l))r(2j + l)e 



2niMu>, 



X 



r(j + 1 + k -f ; 



3 i7r(m-i)+i(2J+l)(2i+l) 



r(—j — ban) 

J 2 I r i7T(m+j)-i(2J+l)(2j+l) 



i kw > 

2 ' 



, (6.76) 



where the parameter identification with the class 3 brane is 9q — 27rM + ^ , and a = 
-f + f(2J+l). 

So far, we have obtained as many branes as the extended character of the Af = 2 su- 
persymmetry (or SL(2; M.)/U(l) coset). We, however, have to check whether the obtained 
D-branes satisfy the Cardy condition among themselves. Namely, we have to compute the 
cylinder amplitudes and decompose them into the open string characters and verify the 
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positive definiteness of the density of states for continuous series and the positive integral 
multiplications for the discrete series. This was automatically guaranteed for the compact 
unitary CFTs thanks to the Verlinde formula. In our noncompact case, it is not a trivial 
problem. Indeed, although, almost all overlaps are consistent with the Cardy condition, the 
self-overlaps between class 3 branes for irrational value of k, we encounter negative multi- 



One might wonder what goes wrong with the modular bootstrap for the B-branes. The 
gist is that there is no identity brane for the B-boundary conditions. One can formally write 
down the modular bootstrap equations like (16.681) . but there does not exist any analytic 
solution compatible with the reflection amplitudes for B boundary conditions. Due to this 
lack of the identity B-brane, the whole construction of the modular bootstrap breaks down. 
The coset construction from the descent of branes in model was given in [75]. The 
conformal bootstrap for the dual Af = 2 Liouville theory can be found in [204, 199J 



89p or integral value of k, this subtlety is avoided |195j . For general fractional value of k, the situation is 
more involved and the results depend on the combination of the other sectors embedded in the full string 
theory and the appropriate GSO condition we impose. The case by case study of these cases can be found 




in prog. 
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7 Rolling D-brane in Two-dimensional Black Hole 



In this section, we study the D-branes in Lorentzian two-dimensional black hole. The or- 
ganization of the section is as follows. In section 17.11 we study the classical D-branes in 
the Lorentzian two-dimensional black hole. In section 17.21 we construct the boundary states 
for the rolling D-brane from the Wick rotation of the class 2 brane in the Euclidean two- 
dimensional black hole systemic In section 17.31 we study some properties of our boundary 
wavefunction focusing on 1/k corrections. 



7.1 Classical D-branes 
7.1.1 DBI analysis 

The classical D-branes in Lorentzian two-dimensional black hole is classified by the solution 
of the equation of motion coming from the DBI action 

S L = p p+1 J d P+i£ e -«y _ det (G a6 + B ab + F ab ) . (7.1) 

The classical background is given by 



ds 2 = to'(-tanh 2 pdt 2 + dp 2 ), e 2 * = i2 , (7.2) 



p cosh^ p 



or when we are interested in the global structure of the solution, we use the Kruscal coordi- 
nate 

2 01 duck; 2$ k 

ds = -2k- , e = — r . (7.3) 

1 — uv p(l — uv) 

by the coordinate transformation: u = sinh pe t , v = — sinh pe~ l . 

We begin with the D(-l) instanton. A physical meaning of such D-brane is a little bit 
unclear in the Lorentzian signature, but the "effective action" 



S_ x oc e-* = Vl-uv (7.4) 

could be extremized at u = v = or p = 0. 

Next we study the DO-brane. In the local coordinate outside the horizon, we can write 
down the DBI action as 

S = p J dt cosh p(t) \J-p{t) 2 + tanh 2 p(t) , (7.5) 

where we have fixed the reparametrization invariance by taking the temporal gauge £o = t. 
From the energy conservation, we obtain 

tanh 2 p 

const = cosh p— , (7.6) 

y—p 2 + tanh 2 p 



This part of the thesis is based on pQ . 
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which can be integrated to 

sinh(p) cosh(t — to) — const . (7.7) 

The DO-brane motion (17. 7p also follows from the Wick rotation 9 — > it to the hairpin brane 
(16. 71) in the Euclidean two-dimensional black hole. As we mentioned in section 15.31 The 
action (I7.5P can be rewritten in the same form as the rolling D-brane in the linear dilaton 
background by introducing 'tachyon' variable Y = logsinhp: 



L D0 = -V(Y)Vl - Y 2 where V(Y) = M e Y , (7.8) 

which leads us to the "tachyon - radion correspondence" discussed in section 

To study the global structure, we use the Kruscal coordinate (17. 3p . In this coordinate 
system, the DBI action takes the flat form 



The equation of motion is solved by a straight line in the (u, v) plane. It is interesting to 
note that the DO-brane does not feel the existence of the singularity at uv — 1. The classical 
trajectory is analytically continued inside the singularity in a trivial way. This is because the 
curvature singularity is cancelled against the dilaton singularity, which appears in the DBI 
action in the opposite way. The coupling to the dilaton is a crucial difference between the 
D-brane and a usual particle (such as a point like F-string or folded string solution discussed 
in section 13.3.21) in the two-dimensional black hole background. 

Let us finally consider the Dl-brane. The DBI action in the Kruscal coordinate is 



S x = nxl dudvVT^J „ 1 - F 2 V (7.10) 

— uvy 



in the gauge £ = u, £i = v. The Gauss law constraint 



/- (7.11) 



F2 

(1-uv) 2 uv 



is solved by 



2 P 

Fuv = (1 - uv + P)(l - uv) 2 ' ^ 1T> 

When f 2 > 0, the world-sheet of the Dl-string covers the whole physical region of the two- 
dimensional black hole, and possibly it has a boundary inside the singularity at uv — 1 + f 2 . 
When f 2 = —k 2 < 0, the Dl-string has a boundary at uv = 1 — k 2 , and describes a long 
folded string. However, the DBI action for the long folded string becomes imaginary, so the 
solution is overcritical and unphysicall^l 



91 This is a general feature of the Lorentzian solution for the D-brane with the boundary coming from 
the blow-up of the field strength. In the Lorentzian signature, the terms inside the square root of the DBI 
action is bounded, or in other words the field strength has a critical value. Thus any D-brane that has a 
boundary due to the divergence of the field strength is overcritical and hence unphysical unlike the case in 
the Euclidean signature. 
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7.1.2 group theoretical viewpoint 



As we have done in section 16.1.2} we can also study the classical D-brane in the Lorentzian 
two-dimensional black hole from the coset construction. We parametrize the parent SL(2\ R) 
element g as 

uv + ab=l. (7.13) 

Under the axial gauge transformation 5g = t{a^,g + gcr^), the (u, v) is invariant, and serves as 
a gauge invariant coordinate describing the two-dimensional black hole (i.e. we can identify 
them as (u, v) in the Kruscal coordinate ( 17.31) ). 

The maximally symmetric D-brane in the parent SL(2; M.) WZNW model is classified by 
the (twined) conjugacy class of the group. The conjugacy class is given by 

TT(g)=a + b (7.14) 

and the twined conjugacy class is given by 

Tr(a 1 g)=u-v, (7.15) 

up to a conjugation (i.e. Lorentz boost between o"i and a 2 ). To derive the D-branes in 
the coset model, we have to project the twined conjugacy class to the coset variables for 
A-branes. For B-branes, we first take a superposition of the gauge orbit of the conjugacy 
class so that we obtain a gauge invariant object as a D-brane. 

Let us begin with the A-branes. The twined conjugacy class (17.151) is invariant under the 
axial gauge transformation, so the D-brane (DO-brane) is classified by the equation 

2k = Tr(<7ig) = u — v , (7-16) 

which gives a straight line in the Kruscal coordinate of the two-dimensional black hole as we 
observed in section 17.1.11 from the DBI analysis. More general branes are obtained by the 
Lorentz boost: 

ue to - ve~ to = 2k . (7.17) 

The existence of such boosted D-branes are consistent with the fact that the existence of the 
Nambu-Goldstone modes associated with the symmetry breaking due to the A-brane as we 
have reviewed in section IB. 1.2[ 

Let us move on to the B-branes. In this case, the conjugacy class is not invariant under 
the axial gauge transformation. In order to obtain an invariant object that can be projected 
down to the coset, we need to sum over the gauge orbit. With fixing the trace as a + b = 2k, 
the determinant constraint reads 

uv = 1 - k 2 + (a - k) 2 > 1 - k 2 . (7.18) 

It is not difficult to see that the gauge orbit of the conjugacy class precisely agrees with the 
domain bounded by the last inequality. The string configuration reproduces the folded Dl- 
string obtained from the DBI analysis in section [7.1. II We note, however, that the solution is 
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overcritical and unphysical as we have seen in section ITXrf 2 ! We also see that the D-strine 
that covers the whole physical region of the two-dimensional black hole cannot be obtained 
from a simple descent from the D-branes in the SL(2; R) WZNW model without an analytic 
continuation. 



7.2 Boundary states from Wick rotation 
7.2.1 analytic continuation of boundary states 

In this section, we shall construct the exact boundary state describing the DO-brane moving 
in the Lorentzian two-dimensional black hole background. Recall that the Lorentzian two- 
dimensional black hole ('Lorentzian cigar') background is obtainable by the Wick rotation 
6 = it of the Euclidean one (I3.45j) 

ds 2 = 2k(dp 2 - tanh 2 pdt 2 ) and e* = . (7.19) 

coshp 

Wick-rotating the geodesic of the Euclidean Dl-brane, we found the geodesic of the Lorentzian 
DO-brane in ( 17. 7ft as 

cosh(t — t ) sinh p = sinh p , (7.20) 

where to, po are free parameters. Notice that the DO-brane reaches the horizon p = at 
t — > ±oo irrespective of the values of po an d to- Thus, formally, the Lorentzian DO-brane 
boundary state is obtainable by Wick rotation of the Euclidean Dl-brane boundary state 
( I6.57P if we are interested in the physics outside the event horizon 1^1 

Reconstructing boundary states of the Lorentzian D-brane from those of the Euclidean 
D-brane is generically not unique. Rather, the following potential subtleties need to be faced: 

• The Euclidean momentum n along the asymptotic circle of cigar is quantized, while 
the corresponding quantum number in the Lorentzian theory (i.e. the energy) takes a 
continuous value. 

• The Wick rotations of primary states are not necessarily unique. Often, appropriate 
boundary conditions should be specified. 

As for the first point, which has to do with Matsubara formulation, we can formally avoid 
the difficulty of quantized momentum by the following heuristic consideration. Suppose the 
boundary wave function f(n,a) (n 6 Z is the quantized Euclidean energy, and a denotes 

92 It is not uncommon that the group theoretical classification of the D-branes in the Lorentzian coset gives 
unphysical D-branes (see e.g. p05j). Our identification of the parameter is different from the one given in 
[183j . which solves a small puzzle raised there. The extra i comes from a (hypothetical) time-like T-duality 
206J which we need to perform to obtain the parameter identification according to the discussion given in 

93 Some classical analysis of D-brane dynamics was attempted in |183j within the Dirac-Born-Infeld ap- 
proach. 
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the remaining quantum numbers not touched here) is given by the Fourier transform of a 
periodic function f(x + 2n, a) = f(x, a). We then obtain 



_ 1 rir 

( B \ = EE f(n,a){{n,a \ = EE ^ / dx f(x,a)e mx ((n,a\ 

= e r P- r dx ^ ^ a i ' ( ? - 21 ) 

a J-oo ^ J-oo 

where we used the identity 5^ ngZ 5(q — n) = J^mez e 2mmq in obtaining the last expression. 
Assuming that f(x, a) is analytic along the entire real x axis, the Wick rotation can be 
performed. Often, f(x,a) is non-analytic over the real x axis, and the integral in the last 
expression is ill-defined. This turns out to be the case for the boundary wave function of the 
Euclidean Dl-brane (16.571) : in the coordinate space, the wave function has branch cuts and 
singularities along the real x-axis. In such cases, the best we can do is to adopt the slightly 
deformed integration contour C in x-space3 to render the Fourier integral well-defined: 

(B'\ r S / ^f^^)e^((q,a\ . (7.22) 

Euclidean z — ' J _ ao Zll Jq 

Likewise, disk one-point function of vertex operator $Euchdean (associated with the Ishibashi 
state ((q,a\) is evaluated as the deformed contour integral: 

/ $ Euclidean\ = Q>> = f ^ f ^ a y gX (7 33) 

\ / disk Jq 

Assuming sufficient analyticity, one then defines Wick rotation of the states (17.221) by the 
contour deformation of C accompanied by the continuation q — * iu,x —>■ it; 

— / idtf(it,a)e-^((iu,a\ . (7.24) 

This is essentially the procedure taken in [207J. Of course, we potentially have an ambiguity 
in the choice of the contour C, and the correct choice should be determined by the physics 
under study. 

In the present case (B\ corresponds to (16.571) and (B'\ is given by 

m (B';p ,6 \ = Hp- p-V m { Po ,e Q] p,q){{p,q\ , (7.25) 

J0 27r J-oo 27r 



94 To be more precise, we should allow to use some decomposition 

f(x,a) = fi(x,a) + f 2 (x,a) + ■ ■ 
and to take the different contours for each piece fi{x, a). 
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where 



^m(PoA;p,g) 

sinh(7rp) 



nT(ip)T 1 + f 



cosh (vr^)| 2 r(i + ^)r(| + ^ 



"Wo 



+ 



cosh ( 7T P |^ 



COsh ( 7T 



.g+ilil 



, 1 ip - q 1 + g 
2 2~ ' 2 2~ 



COsh (V^ 



"WO 



+ 



-jlppt) 



COsh f 7T 



■ g+j|g| 



.(7.26) 



Here B(p,q) = r(p)r(g)/r(p + g) denotes Euler's beta function. The integration contour 




Figure 8: The red (green broken) line is the contour C + for p > to the Lorentzian time. 
Notice that an infinite number of branch cuts repeats in the Euclidean time: | + 2n7r < x < 
Y- + 2nir, {n G Z) along the real x-axis. 

C we choose is shown in Figure M [207] . As in ( 16.301) . we separately evaluated the integrals 
of <j) p Lq and <p p Rq based on the decomposition (|3.54p . For the convergence of integrals, we 
choose the contour C + for (f> p Lq (p > sector) and C~ for <\? R (p < sector). Such choice 
of integration contours rendered an extra damping factor sinh(7rp)/| cosh (vr^y^) | 2 , which 
improves the ultraviolet behavior of the wavefunction and makes it possible to take the Wick 

rotation sensibly. The non-trivial phase factor cosh (jr p ~2 9 ^ /cosh ^7r ^y^ J in the second 
term originates from the reflection amplitude, and it reduces to (—1)" when q = n G Z. 
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The second subtlety implies that ({iw,a\ is not uniquely defined in (17.24)) . This is the 
issue that arises in a background with horizon, equivalently, non-existence of globally defin- 
able timelike Killing vector. As such, this subtlety did not arise for the extremal NS5-brane 
geometry (described asymptotically by free linear dilaton theory) considered in [207J. In 
section 17.2.41 within the mini-superspace analysis for the Lorentzian two-dimensional black 
hole, we shall clarify this subtlety. 

An alternative, sensible prescription of the analytic continuation is to define the disk 
one-point correlator directly via the Lorentzian Fourier transform: 

/^LorentziarA = f ^f^a^t (737) 
\ ' / disk J_ 00 

This is not always equivalent to the the former method elaborated above. In fact, the latter 
method does not necessarily assert that the boundary state constructed so is expandable in 
terms of the Lorentzian Ishibashi states that are analytically continued from the Euclidean 
ones 1^1 

In section 13.3.41 we have reviewed the primary states for the Lorentzian two-dimensional 
black hole. Having obtained the Lorentzian primary states, we shall now construct several 
interesting class of boundary states for a DO-brane propagating in the black hole background. 
We have seen that the DO-brane propagates along the trajectory (17.201) . The two-dimensional 
black hole is eternal, so, in addition to the past and the future asymptotic infinities, the causal 
propagation region has the past horizon T~C~ surrounding the white hole singularity and the 
future horizon 7i + surrounding the black hole singularity. As such, by taking variety of 
possible boundary conditions, we can construct interesting class of boundary states. 

7.2.2 boundary state of DO-brane absorbed to future horizon 

Consider first the boundary state obeying the boundary condition ip(p,t) — > at the past 
horizon Ti~, viz. the primary states \U^). This boundary condition is relevant for scattering 
of a DO-brane off the black hole, since the condition represents absorption only and no 
emission of the DO-brane by the black hole. DO-brane boundary state obeying such absorbing 
boundary condition is then expanded solely by the Ishibashi states u ((p,u\, \p, u)) that 
are associated with the primary states (U%\, \U%): 

absorb(-3; Po, ^o| 
\ B 'i PO,to) absorb 

The boundary wavefunction \l/absorb(po, ^o; P, is then interpreted as the disk one-point 
correlators: 

^absorb(Po,£o;P,^) = (^)disk = absorb(-B; Pq, t 1 U%) , (7.29) 
95 Recently, we have succeeded the direct evaluation of the overlap integral. See appendix IB . 51 for details. 



dp f°° doj „ , , _ xr! 



, , ,-, ^absorb(p0^0;P,^) ({p,w| 
Z7T /_„ Z7T 



oo 
■oo 



dp r°° du^ . \ i \\V 



, y i , } Kb SO rb(po,t ;p,uj)\p,uj}} . (7.2i 
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The boundary wavefunction (17.291) is then obtained by taking the Wick rotation q — > iu 
(q -> -iu) for g < (q > 0) in QUID (recall flXJ™^ 



*ab S orb(P0,*0;P,^) = B(v+,V-)T[1 



ip 
J 



-WO 



cosh (vr^) 
cosh (tt£±^) 



(7.30) 



The relative minus sign in the second term of \I/ a bsorb(Po; ^o! Pi w) originates from the fact that 
the contour rotation defining the Wick rotation has opposite directions for C + (suitable for 
p > 0) and C~ (suitable for p < 0). See figure El This boundary wavefunction (17.30p satisfies 
the exact reflection relation 



*absorb(Po, *0; ~P, = ^{~P, ^absorb(Po, t ] P, u) 



(7.31) 



With such boundary condition, the boundary wavefunction (I7.30p would have no overlap 
with DO-brane's trajectory (17.201) in the far past region t <C t . In fact, the trajectory (17.201) 
starts from the past horizon 7i~ at t — — oo, reaches the time-symmetric point p = po bX 
t = to, and then falls back the future horizon 7i + at t — +oo, while the wavefunction U% 
does not have any component outgoing from 7i~ . We thus interpret that the boundary state 
(I7.30P describes the future half of the classical trajectory ( 17.201) . We shall hence call it the 
'absorbed D-brane'. 

By utilizing the radion-tachyon correspondence, the rolling radion (as described by the 
boundary state ( 17.301) ) can be also interpreted as the rolling tachyon. In the latter inter- 
pretation, the DO-brane absorbed to the future horizon is the counterpart of the future-half 
S-brane [2081 I209[ |210j, in which the tachyon rolls down the potential hill at asymptotic 
future t — > -\-oo and emits radiation. 



7.2.3 boundary state of DO-brane emitted from past horizon 

Consider next the boundary condition: if)(p,t) — > at 7i + , viz. use the basis \p,u)) v , 
v ((p, u\ instead of \p, u)) , u ((p,u\. Utilizing the reflection relation, we can first rewrite 
( 17.26!) as the form which only includes the p < Ishibashi states by means of the reflection 
relation. Then, we can analytically continue the states \4>g P ) (p > 0) into \V P ). The resultant 
boundary state is obtained by simply replacing p — > —p, uj — > —u> in (j7.30P ; 



emitted(-B; Po, to] ■ 
|^;PO,^o)emitted 



dp 
2^ 
1 dp 
2^ 



where 



emitted 



(p ,t ;p,u) = B(vl,v!)r 1 



do; 
du 

, 27T 



T 



^emitted(P0,^0;P,^) ((P,v\ 
^emittedlPO^OjP,^) \P,^)) } 



(7.32) 



-iuto 



3 Wo 



cosh (tt^) 
cosh t*W) 



-ippo 



96 In reality, there is a further overall factor i, but, for notational simplicity, we will absorb it to the 
definition of the Ishibashi states. 
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Obviously, the emitted DO-brane wavefunction is the time-reversal of the absorbed DO-brane 
wavefunction (17.30)) : 



*emitted(P0,*0;P,^) = *absorb(P0, -*05 P, w) . 

Namely, it describes the DO-brane emitted from the past horizon at asymptotic past t = — oo. 
By the choice of the boundary condition, this boundary state ()7.32p describes only the past 
half of the classical DO-brane trajectory ( 17.20)) . 
The exact reflection relation has the form 

^emitted {po,t ] ~P,u) = TV(-p,U)) ^emitted (Po, t ] P, oS) . (7.33) 

Again, in light of the radion-tachyon correspondence, the DO-brane emitted from the past 
horizon is the counterpart of the past-half S-brane in tachyon rolling. The radiation creeps 
up the tachyon potential hill from past infinity and forms an unstable D-brane. 

7.2.4 boundary state of time-symmetric DO-brane 

The third possible boundary state is obtainable by directly taking the analytic continuation 
in the disk one-point amplitudes, as we already mentioned. Recalling ( 13.1001) . we shall 
analytically continue the disk amplitudes as (assume p > 0) 

« p >disk — (^)disk and (0 g " p )disk — (KJVk • (7.34) 

The Euclidean one-point amplitudes (0g P )disk are given in ( 17.261) . and can be expressed in 
contour integrals as in (17.231) . Recall that {(j) p L q ) disk, (0^ g )disk are prescribed by the contour 
integrals over C + , C~ in figure [HI We shall thus analytically continue them to the real time 
axis (imaginary x-axis). In this way, we extract the Lorentzian disk one-point amplitudes as 

(^)disk = (^>dS° rb) and <^> disk = (^)ir tted) , (7-35) 

where the right-hand sides are simply the amplitudes associated with the 'absorbed' and 
'emitted' DO-branes considered in the previous subsections and explicitly given in ()7.30p and 
( 17.321) . Since Z7*J and V% constitute the complete set of basis for Lorentzian primary fields, 
the amplitudes ( 17.351) would yield yet another Lorentzian DO-brane boundary states. As is 
obvious from the above construction, this state keeps the time-reversal symmetry manifest 
and reproduces the entire classical trajectory (17.201) . that is, it describes a DO-brane emitted 
from the past horizon and reabsorbed to the future horizon. From the viewpoint of the 
boundary conformal theory, this would be considered the most natural one since it captures 
the entire classical trajectory of the DO-brane. In the radion-tachyon correspondence, this 
state is the counterpart of the full S-brane [HI [1301 HHH fT32] . 
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Explicitly, the time-symmetric boundary states are given by 



symm(-B; Po, to\ 
= absorb(-B; Po, ^)| + emitted(-B; Po, to\ 



2tt / ^ [2^ symm (p ,t ;p,w) L ((p,^| +2^: ymm (p ,-to;P,^) iJ ((p,^|] 



^0) absorb + 
) r°° r\r,i 

2 ^symm(Po, ^o; p, w) b, w» + 2# symm (p , -t ;p, w) b, w)) (7.36) 



symm 

PO, ^o) absorb + 1^ Po, ^o) emitted 
dp f°° diU 



2tt ./_«, 2tt 



where 



^symm(pO,to;P,^) = L>+, vJ)Y (l + |) g^-^O (7.37) 

and L ((p, u \ , \p,u)) L , R ((p,u \ . |p , ci;))^ are the Ishibashi states constructed over the primary 
states (L£ I, |Z£), |i$)n respectively One can readily check that the second lines 

in (I7.36P are indeed correct by evaluating the disk one-point amplitudes from them. For 
instance, using (13.1081) . we obtain 

(^disk" 11 = symm(-B;PQ,to|^} 

= *symm(p0, t ] p, u) + K(p, ^)^* ymm (p , -t \ p, u) 

cosh (tt£^) 



e -wo L_Li. e w 



cosh (vr^) 

= (^>Sr b) = absorb^ PO, to\U*) . (7.38) 

Other one-point amplitudes can be checked analogously. 

Two remarks are in order. First, notice that, though the disk one-point amplitudes are, 
the symmetric boundary states ( 17. 36ft by themselves are not analytically continuable to the 
Euclidean boundary state ( 17.26ft . This should not be surprising as the Lorentzian Hilbert 
space is generated by twice as many generators as the Euclidean theory. In other words, 
the Lorentzian bases \U%), \V£) correspond to |0p), \(j>~ p ) in the Euclidean theory, which 
were however linearly dependent due to the reflection relation. Nevertheless, the boundary 
state (17.361) is a consistent one and yields disk one-point amplitudes that can be correctly 
continued to the Euclidean ones. Second, the full Lorentzian Hilbert space is decomposed as 

h = h u ®n v and n = w : ®w , (7.39) 



where Ti u (H v ) is spanned by \U%) , ( \V%) ) and their descendants. The dual space 7i u 

(HY) is similarly spanned by (E/£j, ((V£\). Here, the Hilbert subspaces H u , W (H v , ?P) 
correspond to the boundary condition ip(p, t) — > 0at7i~(7i + ). The 'absorbed' and 'emitted' 

97 The extra factor of '2' was introduced for convenience. Recall (|3.108[) . 
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DO-brane boundary states (I7.30p . (I7.32p are consistent only in the subspaces TC U , H v (TC U , 
7^), while the 'symmetric' DO-brane boundary state (I7.36P is well-defined in the entire 
Hilbert space Ti. (H). We thus have simple relations 

\B; po, ^o) a bsorb = Bu \B; Pq, to) symm and absorb(-B; Po, to\ Po, to\Pu , 

\B;Poit ) cmittcd = Pv\B;p ,t } symm and emitted(B ; p ,t \ = symm (B; p ,t \ P v , (7.40) 

where Puy (Buy) denotes projection of the Hilbert space Ti to TC U,V (H u ' v ). 
7.3 Rolling D-brane gathers moss 

As we have discussed in section HJ it is of critical importance to study the 1/k corrections 
to the boundary states in order to understand the "black hole - string transition" probed 
by our rolling D-brane. We first note that the boundary wavefunction itself is an analytic 
function with respect to fc@ so the boundary wavefunction itself is a well-defined quantity 
even for k < 1. An alternative way to confirm this is to note that, at least in the Euclidean 
signature, the boundary wavefunction satisfies the conformal bootstrap equation for the dual 
M = 2 Liouville theory whose description is more reliable for k < 1. 

To see the effect of the 1/k corrections clearly, it is convenient to go to the coordinate 
space representation rather than the momentum space representation. For simplicity, we 
take the linear dilaton (extremal) limit of the boundary wavefunction (see section 18.51 for 
details of this limit). In the momentum space we have, 

V(jH>,t Q -,p,u) = ±B(v + ,u-)r(l + i?-) e -w°--*° , where u ± = \ - i V -^ . (7.41) 

We can Fourier transform this boundary wavefunction to obtain the boundary wavefunc- 
tion in the coordinate space: 



^ ^cosht)^ 6 ^ 



-kp 



e -k P 



(2 cosh t) h 



(7.42) 



It will be localized along the classical trajectory: 

p (t) = -log(2 cosh t) (7.43) 

in the semiclassical limit (i.e. k — > oo). For finite k, the classical trajectory is smeared. 

To go further, we study the energy momentum distribution for finite k. Expanding the 
boundary states and reading the coupling to the gravity, we obtain (see [148] for details of 
the computation) 



To ° = 1 2^sht 1 6XP 



fe-i 



2 cosh t 



(7.44) 



98 A possible exception is the factor i/ b 1+ . However, this factor can be absorbed (renormalized) into the 
cosmological constant operator of the Af = 2 Liouville theory, or the mass of the two-dimensional black hole, 
so we will neglect this small subtlety. 
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The distribution of the energy is Poisson type and the maximum of the energy density is 
now located at 



e 



-p 




2 cosh t 



(7.45) 



The variance of the distribution is computed as 




2(k- 1) ' 



1 



(7.46) 



which can be regarded as the smearing factor for the classical trajectory due to the a' 
corrections. One might say that the rolling D-brane gathers moss in the a' corrected black 
hole background. The moss could be identified with the analytic continuation of the winding 
tachyon |100j . Indeed the similar smearing factor in the Euclidean hairpin brane can be 
understood from the open string winding tachyon condensation near the tip of the Euclidean 
hairpin. 

We again emphasize that the coordinate space wavefunction itself is an analytic function 
with respective k. However, below k = 1, the variance of the smeared D-brane trajectory 
(I7.46P diverges, which means that the boundary wavefunction does not have a sensible in- 
terpretation as a rolling D-brane in the classical two-dimensional black hole any more. The 
transition point exactly coincides with the "black hole - string transition" point we discussed 
in section HI The classical black hole appears no more black hole at this point, and the D- 
brane cannot role down into the hole as a probe. In section El we compute the closed string 
radiation rate from the rolling D-brane, and see explicitly that the radiation rate also reveals 
such a phase transition as expected. As a consequence, we will see that the "tachyon - radion 
correspondence" and the universality of the decaying D-brane breaks down. 

As a generalization of the construction, we can introduce the fundamental string charge 
(electric flux) along the rolling D-brane boundary states. The construction is based on the 
Lorenz boost technique reviewed in section 15.2.61 The corresponding boundary states have 



been studied in [1481 1155] . 
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8 Black Hole - String Transition from Probe Rolling 
D-brane 



In this section we compute the closed string radiation rate from the rolling D-brane. The 
organization of this section is as follows. In section 18.11 we compute the closed string radia- 
tion rate from the closed string perspective. In section 18.2^ we study the same closed string 
radiation rate from the open string perspective, establishing the consistency between unitar- 
ity and channel duality. In section 18.31 we discuss the black hole - string transition from the 
probe rolling D-brane. In section I8.4[ the boundary states and radiation in R-R sector are 
discussed. In section IH3| we study the extremal NS5-brane limit. Finally in section [8^6| we 
present the physical interpretations of Hartle-Hawking states for rolling D-branes@ 

8.1 Radiation out of rolling D-brane from closed string viewpoint 

In the background of the black hole, the DO-brane moves along the geodesic and we have con- 
structed a variety of boundary states describing the geodesic motion, specified by appropriate 
boundary conditions. 

Both by gravity and by strong string coupling gradient, the Dp-brane is pulled in and 
finds its minimum energy and mass at the location of the NS5-brane. The Dp-brane is 
super symmetric in flat space-time, but preserves no supersymmetry in black NS5-brane 
background. Even in extremal NS5-brane background, until the Dp-brane dissociates into 
the NS5-brane and form a non-threshold bound-state, the space-time supersymmetry is 
completely broken. In these respects, the Dp-brane propagating in the NS5-brane background 
is much like excited Dp-brane (many excited open strings attached on it) in flat space-time. 
Decay of the latter via closed string emission was studied extensively for p — 1 [2111 1212] : 
the decay spectrum was found to match exactly with the Hawking radiation of the non- 
extremal black hole made out of these excited D-branes, and the effective temperature of 
excited open string modes agrees exactly with the Hawking temperature. In this section, we 
shall find certain analogous results for the closed string radiation off the rolling DO-brane, 
though special features also arise. 

As the DO-brane is pulled in, acceleration would grow and radiates off the binding energy 
into closed string modes. Details of the radiation spectra would differ for different choice of 
the boundary conditions, viz. for different boundary states of the DO-brane. In this section, 
as a probe of the black hole geometry and D-brane dynamics therein, we shall analyze spectral 
distribution of the closed string radiation off the rolling DO-particle. 

By applying the optical theorem, the radiation rate during the radion-rolling process is 
obtainable as the imaginary part of the annulus amplitude in the closed string channel] 100 
Denote the differential number density cUV (p, M) of the radiation at a fixed value of the 
radial momentum p and the mass-level M. By the definition of the D-brane boundary state, 

"This section is based on [UH]- 

ioop or ^ ne tachyon rolling process in flat space-time background, the amplitude was evaluated first in 

[2331 crag. 
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the radiation number density oW is then given in terms of the boundary wave functions: 



(W(p,M) :-- 



dp dM 
' 2?r (2vrp 
dp dM 



J du(^(u,p,M) 5(L + L 



2tt {2n) d 2uj{p, M) 



V{p,u{p,M)) 



U) 



Here, u,p are the energy and the radial momentum in two-dimensional Lorentzian back- 
ground, M is the total mass (conformal weight) of the remaining subspaces of dimension 
d (including mass gap), ty(u,p, M) is the boundary wave function (including that of the 
remaining subspace), and u>(p, M)(> 0) is the on-shell energy of the radiated closed string 
state determined by the on-shell condition L + L = including the ghost contribution. 
From the kinematical consideration, it is obvious that the differential number density fl8.ll) 
is nonzero only when the D-brane is rolling. Of particular physical interest is the spectral 
distribution in the phase-space, as measured by the independent moments, e.g. 



to m M n 



^^V>,M)iir^ 



2tt (27r) f 



2cj(p, M) 



*(p,u(p,M)) 



for m,n = 0, 1,2, • ■ ■ . We shall evaluate these spectral observables by first evaluating the 
integral over the radial momentum p by saddle-point approximation. In doing so, we pay 
particular attention to the asymptotic behavior as the mass-level M becomes asymptotically 
large. We shall then evaluate the integral over the mass-level (conformal weight) M, and 
extract the spectral observables. 

Consider the boundary state (17.301) describing a DO-brane absorbed by the future horizon. 
The radiation emitted by the DO-brane is decomposable into 'incoming' (toward the horizon) 
and 'outgoing' (toward the null infinity) components in the far future. The positive energy 
sector is expanded by the wavefunction U%, and has the following asymptotic behavior at 
t — > +oo: 



~ e 



-iuj lnp— iuit 



+ d(p, uj)e- p e +ipp ~ iujt where \d(p, u) \ 



~ e 



-7rp 



-2) 



Here, we assumed u ~ M ^> 0. The first and the second terms correspond to the in- 
coming wave supported around p = and the outgoing wave supported in the region 
p ~ +oo, respectively. The damping factor d(p) originates from the exact reflection am- 
plitude TZ(p,uj). (See (13.1021) . (13.1031) .) To obtain the radiation number density, we need to 
evaluate \^f(p, u)f x \U%(p, t)\ 2 . At far future infinity, the interference term in \U P \ 2 drops 
off upon taking the p-integral. Therefore, after integrating over the radial momentum p, the 
partial radiation distribution is seen to consist of the 'incoming' and 'outgoing' parts: 



r M dAf- 



dp 1 

i j 2tt2uj(p,M) 
dp 1 



o 2ir2u(p } M) 



*(p,u(p,M)) 



d{p) *(p,u(p,M)) 



■3) 



with em- 



We shall now evaluate the branching ratio between the two radiation rates 
phasis on possible string world-sheet effects. To this end, consider the conformal field theory 
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defined by SL(2; R)/U(l)xM, where SL{2; R)/U(l) denotes the (super)coset model and M 
denotes a unitary (super) conformal field theory of central charge cm- Such (super) conformal 
field theory covers a variety of interesting string theory backgrounds. For the fermionic 
string, superconformal invariance asserts that the central charge ought to be critical: 

2 



3(l + t) +c M = 15 



where k denotes the level of the super SL(2; R) current algebra. If the background describes 
a stack of black NS5-branes, M. = S77(2)& x R 5 where k equals to the NS5-brane charge. 
Likewise, for the bosonic string case, conformal invariance asserts that the central charge 
should take the critical value: 

2 + + c M = 26 , (8.4) 

k — 2 

where now k refers to the level of the bosonic SL(2; R) current algebra. For the background 
describing the black hole in two-dimensional string theory, M. is empty and k should be set 
to 9/4. 

It would be illuminating to analyze the branching ratio for the 'rolling closed string', 
viz. a closed string state of fixed transverse mass M and radial momentum p propagating 
in black hole geometry. The branching ratio is simply given by the reflection amplitude (see 
(13TTTB ): 



A r out(p,^) 



, , N|2 cosh 2 vr(^) , 
= l ^'" )l = coshV W) ■ (8 - 5) 

closed string wou \ 2 / 



As emphasized below (13.1111) . string world-sheet effects are present for the reflection ampli- 
tude 71 itself but, being an overall phase, it drops out of (18.51) . The /c-dependence enters 
in the branching ratio ( 18. 5ft only through the on-shell dispersion relation u = ^/p 2 + 2kM 2 . 
For two-dimensional case, first studied in [75] and [214j . k = 1/2, M = and uj = p, so the 
scattering probability is exponentially suppressed as the energy increases. 

For a fixed transverse mass M and the forward radial momentum p, the reflection prob- 
ability of the infalling DO-brane is given precisely by the same result as (18. 5|) : 



ACtG», 



, t N|2 cosh 2 7r(^) t 

DO-brane cobu " \ 2 J 



This is simply because back-scattering of the boundary wave function originates from that 
of the closed string wave function: roughly speaking, the boundary wave function is defined 
by overlap of the closed string wave function with the classical trajectory of the DO-brane. 

Radiation out of the falling DO-brane is coherent, so we integrate over the radial momen- 
tum p as in ( 18.31) in extracting the branching ratio. We shall first analyze the partial radiation 
distribution at large mass- level, M — > oo. More precisely, we shall examine asymptotic be- 
havior of M{M) multiplied by the phase-space 'degeneracy factor' p(M) ~ e 2 M ^ H g ; where 
/?H g denotes inverse of the Hagedorn temperature. The closed string states that couple to 
the boundary states are left-right symmetric, so we need to take the square root of the usual 
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degeneracy factor in the closed string sector. Here, inverse of the Hagedorn temperature is 
given by 



1.7) 



for the superstring theory, and 



#fa = 47rj2 



2 k - 2 



for the bosonic string theory, where the 1/k (l//t)-correction is interpreted as the string 
world-sheet effects of the two-dimensional background. These results are derivable from the 
Cardy formula with the 'effective central charge' c e s = c — 24/i min |122j . where ft. min refers to 
the lowest conformal weight of normalizable primary states. 



8.1.1 radiation distribution in superstring theory 

Let us begin with the spectral distribution in superstring theories. We shall focus exclusively 
on the NS-NS sector of the radiation and defer the analysis of the R-R sector to section 18.41 
The on-shell condition of closed string state in NS-NS sector is given by 



uj p 1 1 

— -TT + -JT + 77 + A_A4 — - 

4k 4k 4k 2 



(8.9) 



where Aj^ denotes the conformal weight of the A^-part. The on-shell energy is given by 



UJ 



= u(p, M) = vV + 2k M 2 where M 2 = 2 ( A M + — - 



1 



Consider now a DO-brane propagating outside the black hole and absorbed into the future 
horizon. The relevant boundary wave function was constructed in (17.301) and, from them, 
the differential radiation number distributions (18.31) can be computed. At large uj and p, 
using Stirling's approximation, we find that 



j\f(M)i 



dp 



o 2tt2uj(p,M) 



^absorb (PO, *0; P,^{p, M)) 



1 

M 



— dpe 



+7r(l-^)p-7r v /p 2 +2A;M 2 



(8.10) 



jV(M) c 



o 
1 

M 



dp 
2^ 



2uj(p, M) 



d(p,uj(p, M)) 
dp e - 7T ( 1 +l)p- 7T \ / P 2+2kM ' 2 



ty a bsorb(po,t ;p,oj(p, M)) 



(8.11) 



In the second lines, we have taken M large, viz. uj ^> p ^> 1, and keep the leading terms 
only. Thus, for each fixed but large M, the partial number distributions take the forms: 



poo 

A^(M) in ~ / dpa in (p)e-^ 
Jo 



and 



N(M\ 



oo 

~ * dpa out (p)e 
'o 



(8.12) 
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where 



(3 Hw = 2nV2k , (8.13) 

is the inverse Hawking temperature of the fermionic two-dimensional black hole. As discussed 
above, the radiation off the D-brane in NS5-brane background is analogous to the decay of 
excited D-brane in flat ambient space-time. Indeed, asymptotic expression (18.121) suggests 
that open string excitations of energy M on the rolling DO-brane are populated as the distri- 
bution function exp(— ^/3n w M) and decay into closed string radiation. In this interpretation, 
the distribution function encodes change of available states for open string excitations on 
the DO-brane after emitting radiations of energy M. Curiously, 'effective temperature' of 
the excited closed strings is set by the Hawking temperature of the nonextremal NS5-brane, 
not that of a black hole that would have been made of the DO-brane. It is tempting to 
interpret this as indicating that the DO-brane represents a class of possible excitation modes 
of the black NS5-brane. The closed string states of energy M emitted by the DO-brane are 
certainly coherent, but according to this interpretation, they still can be recasted in effective 
thermal distribution set by the Hawking temperature of the two-dimensional black hole. We 
will later discuss again the origin of such effective thermal behavior of the rolling DO-brane 
from the viewpoints of Euclidean cylinder amplitudes, extending the argument of [73] about 
the Hawking radiation in the purely closed string background. 

The functions a- m and cr out are interpretable as the black hole 'greybody' factors for in- 
coming and outgoing parts of the radiation. The factor 1/2 in the exponent of the Boltzmann 
distribution function reflects the fact that only left-right symmetric closed string states can 
appear in the boundary states and the radiated closed string modes. 

The 'greybody factors' cr*(p) depend on the radial momentum p exponentially, so the 
radiation distribution would be modified once the radial momentum p is integrated out. 
Below, we shall show this explicitly. We are primarily interested in keeping track of string 
world-sheet effects set by the value of the level k. We shall consider different ranges of the 
level k separately, and focus on the asymptotic behaviors at large M via the saddle point 
methods. 

(i) k > 1 : 



This is the case for the black NS5-brane background. Consider first the incoming part. 
Since 1 — \ > 0, the dominant contribution in the p- integral arises from the saddle 
point: 

k — 1 

p ~ = - M . 
V 1 ~ ik 

Substituting this to (I8.10p . we obtain 

J\f(M) in ~ e ~ 27TM V^¥ k = e ~W^ ; ( 8 _ 14 ) 

up to pre-exponential powers of M. Taking account of the density of states p(M) ~ 
e2 M ^ H s, we find that p(M)Af(M) in scales with powers of M, and is independent of k. 
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More explicitly, for the black NS5-brane M = SU(2) k x R 5 , the incoming radiation 
distribution of the Dp-brane parallel to the NS5-brane yields 

MJ (2ti) 5 -pJ 

Taking account of the density of states p(M) ~ M _3 e 27rM v /l_ 2fc , the average radiation 
number distribution is given by 

If in [ Md dilf _ l , 1 



/ D dM 1 
— -Af-i where M D ~ C(— ) . (8.15) 



This result coincides with the computations of [2131 [TJSj , and corroborates with the 
radion-tachyon correspondence. Interestingly, the incoming part of the radiation num- 
ber distribution in the the nonextremal NS5-brane background is exactly the same as 
the distribution in the extremal NS5-brane background. Later, we shall examine care- 
fully taking the extremal limit and its consequence in section 18.61 As in the extremal 
case, (18.151) implies that nearly all the DO-brane potential energy is released into closed 
string radiations before it falls into the black hole. 

On the other hand, for the outgoing radiation, the far infrared p ~ dominates the 
momentum integral. We thus obtain 

Af(M) out ~ e-^v 7 ! = e -^few } 

displaying effective thermal distribution set by the Hawking temperature. Taking ac- 
count of the density of states, 

p(M)Af(M) ont ~ e^K-M = e ^W^h~Vf) . 
This is ultraviolet finite for any k since 

1 \ k 1 



1-— -- = r (Jfe-lr<0. (8.16) 

2k J 2 2k V ' K ' 

We thus conclude that the radiation number distribution is mostly in the incoming 
part: 



ACt (M)p(M) 



Mn(M)p(M) 



-4. in.. M 

falling DO 



Intuitively, this may be understood as follows: for the absorbed boundary state, the 
boundary condition is such that the DO-brane flux is directed from past null infinity 
to the future horizon. This also corroborates the observation that T^-component of 
DO-brane's energy-momentum tensor is nonzero and increases monotonically as the 
DO-brane approaches the future horizon. The outgoing part of the distribution is 
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exponentially small compared to the incoming part and exhibits effective thermal dis- 
tribution at the Hawking temperature. Notice that, despite being so, this outgoing 
part has nothing to do with the Hawking radiation of the black hole. The latter is 
the feature of the background by itself. A priori, the outgoing radiation could be in a 
distribution characterized by a temperature different from the Hawking temperature. 
As mentioned above, it is tempting to interpret coincidence of the two temperatures 
as a consequence of maintaining equilibrium between the black NS5-brane and the 
DO-brane. 

\ < k < 1: 



This is the regime which includes the conifold geometry at k — 1. Since 1 — | < 0, 
the dominant contribution to the momentum integral is from p ~ 0, not only for the 
outgoing radiation but also for the incoming one. We thus obtain 

Af(M) in ~ A/"(M) out ~ e-^v 7 ! = e-^w ? (8 . 17) 

viz. both are in effective thermal distribution set by the Hawking temperature. All 
spectral moments are manifestly ultraviolet finite since, at large M, exponential growth 
of the density of the final closed string states is insufficient to overcome the suppression 
by the distribution. Thus, 



ACt(M)p(M) 



Mn(M)p(M) 



~ 1. 

falling DO 



We interpret this as indicating that the DO-brane does not radiate off most of its energy 
before falling into the horizon. 

)k = \: 



This special case corresponds to empty M.. The two-dimensional background permits 
no transverse degrees of freedom of the string. The physical spectrum includes massless 
tachyon only, with M = and p(M) = 1. We now have a crucial difference from the 
previous cases for the on-shell configurations. The radial momentum p is fixed by 
the on-shell condition as u = ±p, so it should not be integrated over for the final 
states. Consequently, we cannot decompose the radiation distribution into incoming 
and outgoing radiations, and only the total distribution is physically relevant. 

We thus obtain the following large u behavior of the radiation distribution: 

N(u) ~ e~ 2 ™ = . (8.18) 

Again, we have found effective thermal distribution at the Hawking temperature! No- 
tice the absence of extra 1/2-factor in contrast to the previous regimes. This is not a 
contradiction. In the present case, the transverse oscillators are absent and the string 
behaves as a point particle. Again, the DO-brane does not radiate off most of its energy 
before falling across the black hole horizon. In the linear dilaton regime, the boundary 
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states and possible connection with the matrix model for the two-dimensional type 
OA/OB string theory have been discussed in [157] . Given the phase transition we ob- 
served, however, the classical intuition of such "rolling D-brane" in the two-dimensional 
noncritical string theory is rather questionable. It would be interesting to give an in- 
terpretation from the dual matrix models. 



8.1.2 radiation distribution in bosonic string theory 

The analysis for the bosonic string case proceeds quite the same route. The boundary 
state for the infalling DO-brane includes the string world-sheet correction factor r (l + , 
where again k refers to the level of bosonic SL(2; M)/U(l) coset model. The on-shell condition 
now reads 

u) 2 v 2 1 
where Am denotes the conformal weight in the .M-sector. This is solved by 



uo = u(p, M) = J^-p 2 + 2kM 2 where M 2 = 2 ( A M + - 1 oN - 1 J . (8.20) 
y k — 2 \ 4(k — 2) J 

The partial radiation number distribution at large M limit is given by: 

1 /*oo 

Af(M) in ~ / dpe + ^ 1 "^) p "V^P 2+2KM2 . (8.21) 

J 

A/-(M) out ~-W dpe-< 1+ ^>-^^ p2+2KM2 . (8.22) 

Thus, as in the superstring case, there can arise several distinct behaviors depending on how 
stringy the background is. 

(i) k > 3 : 

Consider first the incoming radiation part. Since 1 — > 0, the dominant contribu- 
tion to the momentum integral in (18.211) is from the saddle point 

k — 3 

p ~ p* = j ^ =M . 



2(k-2) 

We thus obtain, up to pre-exponential powers of M, 



where /?H g denotes the Hagedorn temperature of the bosonic string theory (18. 8p . In this 
way, we again find the power-law behavior of p(M)M(M) in at large M, independent 
of the level k. 

For the outgoing radiation part, again the p ~ dominates the momentum integral in 
(Km . The result is 
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Here, 



/3 Hw = 27tV2k 

is the Hawking temperature of the bosonic two-dimensional black hole. We then obtain 

p(M)Af(M) out ~ e Kfe g -/3 H w)M = e 2 ^[V 2 -^j-Vt] . 
As in the superstring case, the exponent is always negative definite: 

k (k — 3) 2 

- = -—, -T < . 

2 2(k -2) _ 

so the outgoing radiation distribution (as well as spectral moments) is manifestly ul- 
traviolet finite. 

Physical interpretation of the above results is the same as the superstring case: The D0- 
brane falling into the black hole has nonzero component T tp of the energy-momentum 
tensor, and entails that dominant part of the closed string radiation is incoming toward 
the future horizon. The outgoing part of the radiation is exponentially suppressed, 
and is in effective thermal distribution set by the Hawking temperature. Again, this 
distribution is distinct from the Hawking radiation of the two-dimensional black hole. 
As for the fermionic string, the branching ratio is exponentially suppressed. 

| < k < 3: 

In this regime, 1 ^ < and the momentum integrals for both incoming and outgoing 

radiation distributions are dominated by p ~ 0: 

AT(M} m ~ Af(M) out ~ e~ 27rM Vf = e ~W^ . 

Both are in effective thermal distribution at the Hawking temperature, and all spectral 
moments are manifestly ultraviolet finite since, at large M, the growth of the density 
of state does not overcome the suppression by the distribution. The branching ratio 
remains order unity. 



This is the most familiar situation: black hole in two-dimensional bosonic string theory, 
originally studied in [7U [72j [731 1215j . The physical spectrum of closed string consists 
only of the massless tachyon, so we again need to set M = and p(M) = 1. The 
calculation is slightly more complicated than the supersymmetric case: The canonically 
normalized energy is 

E = ^u = V2p, 

so we obtain 

M(E) ~ e n ( 1 ~^ p ~ 7T ^ p = e - 3v/2_7r£; = e ~ E ^ . 

It again shows effective thermal distribution of the radiated closed string modes at the 
Hawking temperature: /3h w = 2tt^/2k = 3n^/2. 
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8.1.3 radiation distribution for emitted or time-symmetric boundary states 



The closed string radiations for the other types boundary states, viz. the 'emitted' (I7.32p or 
the 'symmetric' (17.361) DO-branes, can be studied analogously. 

For the emitted DO-brane boundary state (17.321) . by the time- reversal, we should observe 
the radiation distribution at the far past: t ~ — oo. The relevant decomposition correspond- 
ing to (18.21) is given by (assuming ui > 0, p > 0) 

V?{p, t) ~ e iu>Xnp - iu>t + d*(p, u)e~ p e- ipp - lujt , (8.23) 

where the first term is supported near the past horizon and the second term corresponds to 
the incoming wave from the null infinity. Obviously we find precisely the same behavior of 
the radiation distribution as the absorbed DO-brane once the role of 'in' and 'out' states are 
reversed. So, for k > 1, Af(M)- m ~ exp(-|/3 Hw M) while 7V(M) out ~ exp(-|/3 Hg M) and, for 

1 > k > 1/2, A/"(M) in , A/"(M)out ~ exp(-|/3 Hw M)- 

Consider next the boundary state describing DO-brane in symmetric boundary condition 
(I7.36p . Recalling the relations (17.351) . one finds that the radiation rates are simply obtained 
by adding contributions from 'absorbed' and 'emitted' DO-brane boundary states. Thus, 
the radiation distributions behave as A/"(M) in , Af(M) fm t ~ exp(— ^/3n g M) for k > 1 and 



the dependence on Hawking temperature disappeared! 101 ! We then find that the 'detailed 
balance' J\f(M) in = A/"(M) out is obeyed. This is as expected since the boundary state (17.361) 
is defined so that it keeps the time-reversal symmetry and the one-particle state unitarity 
manifest . 



8.1.4 revisit to the radiation distribution from thermal sting propagator 

To close this section we discuss the radiation distribution from a different angle. Although 
the argument given here would be somewhat heuristic, it is quite helpful to grasp physical 
intuition and to understand where the thermal-like behavior of closed string radiation comes 
from. This argument is much like the one given in [75J, where the Hawking radiation of 
2-dimensional black-hole is discussed by the closed string thermal propagator. In a sense, 
our discussion is an extension of it to the open string sector. 

We start with the (thermal) cylinder amplitude for the Dl-brane on the Euclidean cigar 

101 Dependence on the Hawking temperature exponentially suppressed, so completely negligible compared 
to other power-suppressed subleading terms. 
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(16.57P l 102 l . This is approximately evaluated as (we omit the parameters po, 6q for simplicity) 



A {E) 

cylinder 



dT m (B\e 



\B) 



EE/* 



M n& 



~2tT 



[ dpdq^/pjM) 



9 m (P, 



P 2 + 



2irn 



+ M 2 



p 2 + q 2 + M 2 



1+ E 



i/3ll w mq 



meZ>o 



+ e "' %wm5 ] (8- 24 ) 

meZ >0 / 



Here p is the radial momentum and n is the KK momentum along the asymptotic circle 
of cigar (thermal circle). M is again the transverse mass in the .M-sector and p(M) is the 
density of closed string states. (3u w = 2n\^2k again denotes the inverse Hawking temperature. 
Let us try to Wick rotate it by the contour deformation of g-integration in the similar manner 
to [75]. Setting q = iuB, ^yLder = ~^cyiLder> we formally obtain 



A 



cylinder 
/?Hw 



M 



/ dp^pJM) 



duo 



9 m (p, % 



2ni 



9 m (p, 



p 2 + M 2 -uo 2 + ie u. 



p,M 



(§.25) 



where oj Pi m = \/p 2 + M 2 is the on-shell energy and we here used 



9 m [p 



M 



2tt 



9 D1 [p 



M 



2tt 



Because we have 



di [P 



2- 



oc e2%wl^l ; the first term (including the Feynman prop- 
agator) gives a UV divergent contribution. This is not surprising and shows the reason why 
the naive Wick-rotation of ( 16. 57ft does not work. The second term shows a 'thermal-like' 
form and actually contributes to the imaginary part of cylinder amplitude we are interested 
in. It gives the expected behavior; 



1111 "^thermal tx 



1 



\fpW) 



,i, I 'few 



^p\M)a(p) 



(8.26) 



which reproduces the previous results (18.121) . including the correct grey body factor a(p). 
Recall that, in our construction of Lorentzian boundary states, the presence of the damping 



102 To be more precise, we consider the fermionic black-hole of level k and focus on the space-time bosons. If 
considering the space-time fermions, the thermal KK momentum should be half integer n G 1/2 + Z, rather 
than n G Z, which leads to the fermionic distribution 1/ {erHw u>v,u + l) instead of l/fe^Hw"^ 1 ' — 1) in the 
following argument. 



103 Here, to, p are normalized as L = — \u 2 + \p 2 



■ , rather than L = + ±p 2 
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factor was crucial, which reads as ? — smhTrvg^ — - n ^ e convention here. This 

cosh Uy | (p+w) cosh Uy f (p-w) 

factor shows the same asymptotic behavior in the large to or large p region as the Boltzmann 
distribution functions l/(e^ H w w ±1). In this sense, our Wick-rotation of boundary states 
would be roughly identified with the procedure which keeps only the second term in ( 18.251) . 
suggesting the origin of the thermal-like distribution derived from our Lorentzian boundary 
states. 

Another helpful argument is achieved by starting with the open string channel of thermal 
cylinder amplitude (18.241) . Let us focus on the asymptotic region p 3> for simplicity, in 
which the hairpin Dl-brane (16.571) appears just as two halves of Dl-Dl system, which are 
Dirichlet along the thermal circle, (so, identified as the l sD-sD system' |209j) as pointed out 
in [207] . In this set up, by a simple kinematical reason, we find on-shell closed string states 
in the cylinder amplitude, while only off-shell states in the open string channel. As discussed 
e.g. in [2161 1217] . using the modular transformation, we can show the thermal distribution 
of physical closed string states emitted/absorbed by the sD-sD system is captured by the 



unphysical open string winding modes along the thermal circle 104 l. Especially, the unit of 



winding energy should determine the temperature of thermal distribution of closed string 
states coupled with the sD-sD system. In the present case it is identified with the interval 
of the hairpin (= |/3h w ), which is just associated to the Dl-Dl open string. (Note that, 
taking suitably the GSO projection into account, we can find the zero winding modes, i.e. 
the Dl-Dl or Dl-Dl strings, are canceled out. See [207J.) This is the simplest explanation 
of why we get the thermal-like distribution oc e~^^ v,u)p ' M from the cylinder amplitude (I8.24H . 

Curiously, all the regular solutions of DO-brane motion are just straight lines in the 
Kruscal coordinates, and thus Wick-rotated to the hairpin profiles with the same interval; 
^/3hw This fact leads us to the same thermal-like behaviors (18. 12j) characterized by the 
Hawking temperature (before integrating p outj^l. as is already pointed out. 



8.2 Radiation out of rolling D-brane from open string viewpoint 
8.2.1 open string channel viewpoint 

What is the nature of the ultraviolet behavior of the emission number AT and how is it 
compared to the decay of rolling D-brane? To answer these, we shall now recast (I8.27f) in the 
open string channel, following technical procedures considered in section 15.21 and appendix 
of [135] . 

In the closed string channel, the closed string radiation has been computed as (see section 

104 This is a simple extension of the standard argument of the thermal toroidal partition functions [1101 
11111 1112] 11131 [TT1] . For instance, the Hagedorn behavior is interpretable as the tachyonic instability due to 
the unphysical winding modes along the thermal circle. 

105 One might ask why the DO-brane motion with different 'temperature' is not considered. However, such 
DO-branes correspond to singular hairpin profiles and thus do to singular Lorentzian trajectories. These 
cannot be the solutions of DBI action of DO-branes by the divergence of the velocity at the singular points. 
Quite interestingly, this feature is similar to the original Hawking's idea : requiring the smooth Euclidean 
geometry, we can fix the particular asymptotic periodicity of Euclidean time, which yields the temperature 
characterizing the radiation from black-hole. 
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AT = N 2 S \]p {c \M) r g ±-V(p, U ) , (8.27) 

M ^° 

where A/ns is an appropriate numerical factor, a; = \/p 2 + 2kM 2 is the on-shell energy of 
the emitted closed string, and 



sinh 7r-i / yP 

v( P ,u) = \^(p,uj)\ 2 = = -jr^ rr (8 - 28) 

( cosh 7T-i / yP + cosh 7r-i / yu j sinh ~ w 

is the transition probability. 

We begin with expanding the transition probability V(p, to) of the DO-brane ( 18. 28ft in 
power series of contribution of imaginary branes: 



V( Pl uj) = J2*n(p)e—^ , (8.29) 



n=l 



sinh ( 7m W ^-p ) 

V V / 



a n (p) = 2(-l)" +1 ^ *=-^- . (8.30) 

sinh(fW^) 



As before, we parametrically rewrite (I8.27P as 
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u2 i „2 



- dp ^r* ^ d(A(p)[ ^ v *K^« 



27T\/2fc ^ i-oo 27rV2fc Jo 2 



(8.31) 
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by introducing the Schwinger parameter t c in the closed string channel 

We now evaluate each contribution separately. Begin with the sum over the transverse 
mass M. By definition, the sum gives modular invariant cylinder amplitude of the .M-sector: 



^/p^(M)e- 2 ^ M2 = Z%{q c ) where q c = e" 2 ^ 

M 

= Z i ^{q ) where q Q = e~ 2 ^° (t = l/t c ) (8.32) 



by applying the standard open-closed duality and expressing the result in terms of the open 
string Schwinger parameter t D . 



106 Strictly speaking, we could have the closed string tachyon M 2 < 0, and the rewriting (18 . 3 1 p would not 
be completely correct due to the infrared divergence. We can avoid this difficulty by considering the GSO 
projected amplitude. We are concerned with the large M asymptotics, so shall go on ignoring it to avoid 
unessential complexity. 
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The amplitude Z$ (t Q ) asymptotes at large t to (corresponding to the ultraviolet behavior 
in the closed string channel): 

zS(to) ~ tl e™°-^ = tl eM^w) for t - +00. (8.33) 

Here, the exponent 7 is determined by the number of non-compact Neumann directions in 
the .M-sector. Such details, however, are not relevant for our discussions. 
The Gaussian integral over k is readily evaluated, resulting in 



The /co-i n tegral yields the Boltzmann factor with the temperature determined by the Eu- 
clidean periodicity (1/Q in our case) for the 'hairpin brane' [791 11941 12041 [98] . which is the 
Euclidean rotation of the rolling D-brane, as clarified in [Tl 1100] . This is essentially the same 
as the standard argument for thermal tachyon in the thermal string theory [110[ llll[ I112[ 

mania- 

Our goal is to re-express the rate (I8.27P in the open string channel, so we shall Fourier 
transform the closed string momentum p to the open string momentum p'. This requires 
a careful treatment, because the momentum-dependent coefficients a n {p) in (18.301) could be 
exponentially growing functions. In such cases, the Fourier transform may not exists in a 
naive sense. We start with the identity: 



e = V£ /" \ -^= e -^o-\ a '^i.y^ for £ G R (8>35) 

JR+i£ V 2 y/2k 

In the p-integral, the function e 27Tl ^ a '^ works as a damping factor and renders the integral 
finite if the parameter £ is chosen suitably. For later convenience, we shall decompose a n (p) 
as 

a n (p) = a+{p) -a~{p) , 

at{p) = =■ . (8.36) 

sinh(7rf Jf) 



Observing the asymptotic behavior of the coefficients a+(p), we readily find that the closed 
string channel momentum integral / dp » is well-defined as long as £ is ehosen 

within the range (nk - 1) < sM it < {nk + 1). We can then safely exchange the order of 



the integrals. Carrying out the p-integral first, we find 
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jR-io y2k V2 jr+^+ y2k cos i 17r [ 



; nk \ o , ct p 2 

'T " W »Ta 



a^// ■ nk 

2 2 2 



(8.37) 



107 Here, we are temporarily shifting the contour as R — > R — iO to avoid the pole p = 0. We eventually 
restore it back to R after taking the difference a n (j>) = a+(p) — a~(p). The final result (|8.42[1 remains intact, 
even if another contour shift R + iO is taken, as is easily checked. 
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Finally, we shift the contour back: K + i£+ — > M so that the open string momentum p' is 
real-valued. In this step, we cross the poles so need to take care of pole contributions. (See 
Figure 1.) 
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nk- 1 
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Figure 9: Deformation of the contour from the broken line to the solid line picks up pole 
contributions. 



The relevant poles are located at 

—p = ia m , a m = nk — 2 \m + - ] where m = 0, 1, . . . , 



nk 1 
~2~ ~ 2 



(8.38) 



where [ ] denotes the Gauss symbol, and their residues are evaluated as (— 1 
We thus obtain 

'a! dp 



in+l i nt 



e ° 2k 



R-iO 



2 V2k 



Oft(p)e 



Z7rI c A Oh 



y/2 7-oc V 2 2k 



'e1 

4 2 



C0Sh7T(A/ff -if 



Ink 11 
2 2 I 



(8.39) 



m=0 



The integral of a n (p) is calculated in a similar way. This time, we should start with the 
contour M + with (—nk — 1) < W < (— n& + 1) and, after performing the p-integral 
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first, again shift it back to M + — > K.. The relevant pole contributions come from 
YP' = —ict m ( m = 0, 1, . . . , \Jy — ~1 ), and we obtain 



'2 



2~~2~ +4 ir r 2ir< °T it 



fnfc 11 
2 2j 



2(-l)«+ 1 Vt: ]T e ^MK§)] . (8.40) 



m=0 



Notice that the relative sign change in the pole term compared to a^(p) integral originates 
from the orientation of integration contour surrounding each pole. Therefore, we find 



2 y/2k 2 V 2 y/2k 



-|\n+l V o 



, ' 2 

tok f°° [a* dp' sin (7mA;) e ~ 27r *°x If 



+ 2(-ir +1 v^ £ e^MK*)]\ (8.41) 



m=0 

In this way, we derive the desired open string channel expression of the total radiation rate; 



r°° dt / \ 

^ = Ks ~r~ (KzUto) + F pole (t )) 

J0 to v ' 



a' p' 2 , 2n 2 
2 2k ' k 



w« = vi f e sin( r^ / — — zs?c 



Fpoie(to) = 2^(-ir +1 £ e^HKf) -M™+i)J Z #(f ) • (8.42) 



n=l m=0 



The first term in 08.421) coincides with the total radiation claimed by [164J modulo inessential 
numerical factor l 108 l. It remains finite as t Q — ■> +00. The second term, which the analysis 
of |164j missed altogether, is of crucial importance. It is evident that the m = term is 



the leading contribution for each n. 109 Recalling Z^(t ) ~ e^i 1 2k) asymptotically (up to 



pre-exponential power corrections), each m = term behaves as 



~ e 



108 It differs slightly from the one given in |164j in that we study the fermionic string, while |164j studies 
the bosonic string. 
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Here we have assumed that k > 1. 
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Therefore, we get the leading contribution from the n = 1 term, which shows a massless 
behavior. Hence, we have reproduced the Hagedorn-growth behavior expected in |2(J7l I152[ 
11481 IT]. Notice that all the n > 1 contributions are massive, and thus are not relevant in the 
ultraviolet regime of closed string radiations. 



8.2.2 Lorentzian cylinder amplitude 



In the previous section, we recasted the total emission number AT of the rolling DO-brane, 
defined as the sum over the on-shell states of emitted closed string (18.271) . in the open string 
channel. Now, by the optical theorem and the channel duality, we ought to be able to obtain 
AT equally well from the cylinder amplitude evaluated in the open channel. In this section, 
we shall compute explicitly the cylinder amplitude in the open string channel and show that 
its imaginary part reproduces precisely the result (18.421) . This would serve as a non-trivial 
check-point of our previous analysis for the consistency with unitarity and the open-closed 
channel duality. Notice in particular that the channel duality is far from being obvious in 
the world-sheet in Lorentzian signature. For definiteness, we continue to focus on the NS 
sector. 

We start with the cylinder amplitude with Lorentzian world-sheet |^| Z cy n n< i eT : 



^cylinder 
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i — 
2 



dp 



2k 



du L 



sinh (n\j~^;P 



2k 



cosh (^K^J^uoi}j + cosh (ftyj^-p^ sinh(| \J~^p) 



X 



! vi<ic) 



(8.44) 
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> 



Here, we again adopt the ie-prescription for the Lorentzian world-sheet, while the 
prescription for the Lorentzian space-time. The integration is well-defined so long as 2es 
e > is retained. 

The second line in (18.44j) combines contributions of the SL(2)fe/U(l), Ai, and the world- 
sheet ghosts. The ghost contribution rj(q c ) 2 ^4 is seen to cancel out the contribution of 
longitudinal oscillators. Thus, the amplitude simplifies to 



J cylinder 
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ds c 
x ./o 



dp 



du L 



2 

sinh (7r A /fp) gl a ' ( -- (1 -" )2 . Z $(q e 



cosh I 7U/ %-oJl j + cosh I tiJ ^-p 



sinh(|W yP) 



.45) 



We now modular transform (I8.45j) to the open string channel. Define again the open string 
modulus as q Q = e~ 2mTo , where r Q = s a — ie and s a = l/s c . Using the Fourier transform 



110 Here, we stress the importance of taking the world-sheet Lorentzian. The Fourier transformation from 
the closed to open channel is well-defined only for the Lorentzian u>l in space-time. Accordingly, we need to 
take the Lorentzian world-sheet so that the cylinder amplitude becomes well-defined. 
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identity: 



_ sml7rax) 
dx ~ T7 — V' 



-2mkx 



sinh(7ra) 



cosh(27rA;) + cosh(7ra) ' 



(|Ima| < 1) 



(8.46) 



we then obtain 



J cylinder 
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sinh ( tt\/y^'l ) 9° 
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.47) 



Again = l/s* R , s* R = l/s^ v are the cut-off's and the expression (18.471) is well-defined 
so long as 2e's^ v > e. 

8.2.3 analytic continuation 

We shall now analytically continue both the space-time and the world-sheet to the Euclidean 
signature. We have to carefully make the continuation so that keeping the original amplitude 
(18.471) unchanged (up to cut-off's). As in the previous section, we should first Wick rotate 
in space-time with u' L = iuj' (uj' e M), and then rotate the world-sheet 

s — > — it (t > 0). We shall omit the cutoff's from now on. We reach the expression 



J cylinder 



Ziy\-a\\ 



y pole ) 



(8.48) 



where the first part is the contribution from naive continuation, while the second parts 
originates from the poles passed over by the rotated contour: See Figure 

2. The first part Z na[ve is given by 



*o 



oV_ 

J(i-io 



dcu' 



—\a! sin ( -K\l f-u/ ) g G 4 



cos I 71 \l I + cosh ( ix\ ^-p' 



5.49) 



The second part Z po \ e arises from the poles located at 

, _ \ y / fb'|+i(2w + l) me Z> 
» 2 L \ i (2m + 1) mGZ <0 

whose residues are (after taking the open string channel modulus Euclidean, q Q = e~ 



i i 2 
2 



(8.50) 



-2nt\ 



^2 e ±f<(2m+l) V / ^b'l~-t|H+^) 



a' 27rVfc s i n h| (±-y/f|p'| +i{2m + 1)) 



(8.51) 
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Figure 10: The (^-integral with Lorentzian contour (broken line) and the Euclidean contour 
(solid line). 
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We thus obtain 
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sinhf (^/fp' + z(2m + l) 

dp' e ^ (2m+1) ^? p '^( m+ ^ 



00 V 



2 y/2k ginh | Ljfy + i(2m + 1)) 



• Z 



(8.52) 



We thus obtained manifestly convergent open string channel expressions (18.491) . (18.521) 
for the cylinder amplitude in Lorentzian signature of the space-time. 



8.2.4 optical theorem at work 

With the Lorentzian (in space-time) cylinder amplitude (18.491) . (18.521) available, we now 
apply the unitarity and obtain total emission number AT via imaginary part of Z cy y in< ± eT . In 
the analysis of [164] only the naive contribution Z na i ve was considered. Taking the imaginary 
part picks up infinite poles located at the real u/-axis (the imaginary u;^-axis), depicted in 
Figure 2. Their contributions yield 



Im Z nSL [ ve 



Trt ( <*' p' 2 i " 2fcN l 

m ° I 2 2k + 2 J 



1 [°°dt f°° ^ dp' ^ ,(-l) n Vk sin (nnk e V 2 2fc 2 ^ (o) 

'9/ T VT~ml^ Trsgn(n)— — = -^(go) 

^Jo to 7-oo V <t y2k n#0 7rV2 C os (tttiA;) + cosh ( tt,/^' ) 



n=l 



a' p' 2 i n 2 k 



^ fdf r [ti dp' (-l)Vjb sin (Tmfc) e"*H (o) ,.,„ 



reproducing the first term in (18.421) . 

We next evaluate the contribution from the pole contribution Z po \ c (I8.52p . As is easily 
seen, taking the imaginary part just amounts to extending the integration region of p' in 
(I8.52p to the whole real axis (— oo, oo). By closing the p'-contour in the upper half plane, we 
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thus obtain 



Im Z 



pole 



k Jo to m=0 ^-oo V 2 v 7 ^ sinh | + ^ (2m + 1)) 

V K Jo t ; - Try/2 



m—0 n >i(2 m +l) 

[ nfc 1 1 



_ 2 / ^LJ2 E (-l)" e -^ n(2m+1)+ ^K-+l) (8.54) 



n=l m=0 



In the last line, we exchanged order of the double summations. The final result agrees 
perfectly with the total emission number AT in ( 18.42}) evaluated via direct computation of 
the transition amplitudes in Euclidean world-sheet. 



8.2.5 imaginary D-instantons: decaying versus rolling 

In the previous sections, we studied spectral observables in causal processes involving decay 
of unstable D-brane and rolling of accelerated D-brane. The main result of this work is that 
transformation of the total emission number AT and the cylinder amplitude Z cy ii n d er from 
the closed string channel to the open string channel require careful analytic continuation 
on the world-sheet and that, unlike other results claimed in the literatures, the analytic 
continuation we adopt gives results consistent with the unitarity via the optical theorem 
A/* = Im Z cy i inc ier- In particular, we found that the cylinder amplitude consists in general of 
two parts Z cy ii n d e r = Z naive + Z po \ e , and the second part is crucial for ensuring the unitarity 
through its imaginary part. While we dealt with decaying or rolling process of the D-brane, 
the rules we developed ought to extend to other real-time processes such as open string and 
D-brane dynamics in electric field or plane-wave field background. 

In this section, we highlights several important steps we noted in establishing consistency 
between the channel duality and the unitarity. 

Throughout this work, the strategy for recasting the closed string emission spectra in open 
string channel was to expand the transition probability V(oo,p) in power series of 'imaginary 
D-instantons' |218l 1213] I219j . viz. contributions of localized states at time 27ria'W(m,n) for 

decaying D-branes and at time {2T:i\J~^)n\J~^ for rolling D-branes, respectively. 

A crucial difference we noted for the rolling D-brane in NS5-brane background, k > 1, 
that weight of the n-th imaginary D-instanton, a n (p), is a non-trivial function of p. We 
emphasized above that the momentum dependence came about because accelerated D-brane 
rolls in the two-dimensional subspace I f x 1^. Being process dependent, it could be that, 
in general, the weights are exponentially growing functions of momentum, and their Fourier 
transformations are not necessarily well-defined. This was indeed the case for the rolling D- 
brane case. We thus prescribed the Fourier transform of the D-instanton weight by analytic 
continuation via a deformed integration contour. The prescription then yielded in the open 
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string channel the contribution Z po \ e beyond the naive one Z naive . Moreover, whereas the 
naive contribution is always ultraviolet finite, the pole contribution exhibited ultraviolet 
divergence. Since A/* (or higher spectral moment) is ultraviolet divergent, we concluded that 
the presence of ultraviolet divergent Z po \ e is crucial for consistency with the unitarity and 
the channel duality. 

From mathematical viewpoint, we found that the pole contribution Z po \ c in f)8.42p is 
present in so far as we adopt mathematically well-posed prescription of the Fourier transform. 
From physics viewpoint, we can also argue that the first term Z naive by itself cannot be the 
correct answer and the second term Z po \ e ought to dominate over the first one. 

In the range k > 1, it is easy to see that ImZ na i ve can take a negative value if we tune 
the value k suitably within this range. If Z na [ ve is all there is for the cylinder amplitude, 
the negative value of its imaginary part contradicts with the fact that the total emission 
number AT is positive by definition. Moreover, for integral value of k, which corresponds 
to rolling D-branes in k coincident NS5 backgrounds, we observe that the first term Z na { ve 
vanishes identically since the integrand vanishes. The above observations indicate that extra 
contribution ought to be present to the cylinder amplitude beyond the naive contribution, 



On other other hand, we do not have any contradiction of the cylinder amplitude with the 
unitarity once the contribution Z po \ e is taken into account. This is because Z po \ e is dominant 
(generically divergent) over Z na[ve and always positive. We conclude that our prescription 
for the cylinder amplitude renders the total emission number, as extracted from the optical 
theorem as AT = Im Z always positive and well-defined. 

The situation is in sharp contrast to that for decaying D-brane case. There, as recapitu- 
lated in section 2, the D-instanton weights were constant [a n ^ m = 1), so the issue of Fourier 
transform was void from the outset. Again, as explained in section 2, the momentum inde- 
pendence came about because unstable D-brane decays at rest (or trivially Lorentz boosted). 
The situation in NS5-brane phase k > 1 is also in contrast to that in extreme string phase 
[124J, 1/2 < k < 1, or in 'out-going' radiation in nonextremal NS5-brane background (which 
involves two-dimensional black hole geometry) [T]. For these, the leading weight a\(p) is a 
bounded function and have well-defined Fourier transformation. Thus, there does not arise 
any extra contribution beyond Znaive- We thus obtain via optical theorem an ultraviolet 
finite total emission number] 111 

In the previous work pQ, we also noted that the first D-instanton weight a\(p) is iden- 
tifiable with the 'grey body factor' a(p) in the total emission number A/*. There, the iden- 
tification was based on saddle-point analysis valid at large mass M — > oo in the closed 
string channel. The present result in the open string channel, where the leading ultraviolet 
divergence arises from the weight a\(p), then supports the identification] 112 

m Even in the deep stringy phase 1/2 < k < 1, a n (p) is exponentially divergent for sufficiently large n. 
Therefore, the formula given in [164] have to be still corrected. However, only the n = 1 term could cause 
the Hagedorn divergence as noted above. Hence, this correction does not modify ultraviolet behavior of the 
emission number density. 

112 Footnote 3 of [164 claims the saddle-point approximation used in our earlier works is invalid. We 
disagree with their claim: the relevant integral is of the type 



z, 



naive • 
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8.2.6 comparisons 



From our analysis, it became clear the reason why |135j obtained the correct result for 
the decay of unstable D-brane is because the contour rotation in Fourier transform did not 
encounter any pole (since the D-instanton weights a n (p) were p-independent constants), and 
the naive manipulation yielded the correct result. In [164] . the prescription of [135j was taken 
literally also for the rolling of accelerated D-brane. It was then concluded that Z naive refers 
to the total cylinder amplitude. We showed throughout this work that this is incorrect since 
it overlooked the pole contribution Z po \ e . After all, only after taking this extra contribution 
into account, we showed that the cylinder amplitude is consistent with the channel duality 
and the unitarity. 

Finally, we find it illuminating to understand why A/* exhibited Hagedorn divergence in 
the two-dimensional string theory studied in [136J, whereas it is ultraviolet finite in the linear 
dilaton background studied in [135] in two-dimensional space-time (that is, c c s = 0). The 
reason is because the boundary wave function (D-brane transition amplitude) of the former 
has non-trivial p-dependence that exponentially diverges, whereas the latter does not. 

We finish this subsection with a comment on the origin of the "black hole - string tran- 
sition" from the open string viewpoint. Operationally, the transition occurs because in the 
double summation of (I8.54p . the lightest contribution (m — 0, n = 1) is outside the rage of 
summation for k < 1. In other words, the lightest open string exchange mode, contributing 
to the power-like divergence of the imaginary part is projected out. This suggests that the 
long range interaction between the brane is drastically different between k < 1, and k > 1. 
It would be of great interest to uncover this phenomenon and explain the intuitive reason 
for the breaking of the tachyon - radion correspondence from the open string viewpoint. 

8.3 Black hole - string transition 

It has been a recurrent theme [103] I1U4] I1U6] 11051 Q.07J that an elementary particle or a 
string is a black hole: a configuration consisting of (multiple) strings with high enough total 
mass is equivalent to a black hole of the same mass and other conserved charges as we have 
reviewed in section HI This brings a question whether a given configuration is most effectively 
described in terms of strings or black holes. By the black hole - string transition, we will 
refer to such change of the effective description for a configuration involving massive string 
excitations. Roughly speaking, the string is dual to the black hole and vice versa. 

An immediate, interesting question is whether the two-dimensional black hole geometries 
is also subject to the black hole - string transition and if so what precisely the dual of the 
geometries would be. In this section, we shall investigate this transition by studying rolling 
dynamics of a DO-brane placed on the background. If the background undergoes the transi- 
tion between the black hole and the string configurations, propagation of a probe DO-brane 
would be affected accordingly. The transition is triggered by k or k, which measures charac- 
teristic curvature scale of the background measured in sting unit and hence string world-sheet 

As M — > oo, the saddle point approximation is well justified in so far as 

/(P./M) ~ 0(1) , f(p*/M) > , f {2n \p*/M) ~ 0(1) , (n > 2) , (p, : saddle) , 

and this is indeed our case. 
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effects. We shall explore a signal of the transition by examining spectral distribution of the 
closed string radiation out of the rolling DO-brane. Other physical observables associated 
with DO-brane would certainly be equally viable probes. Though straightforward to analyze, 
in this work, we shall not consider them. 

8.3.1 probing black hole - string transition via D-brane 

In section 18. 2\ we observed that J\f{M)- m 3> 7V(M) out for both the supersymmetric and 
bosonic string theories in case the string world-sheet effects are weak enough, viz. k > 1 
and k > 3, respectively. Obviously, such behavior can be interpreted as indicating that the 
background on which the radiative process takes place is indeed a black-hole: DO-brane falls 
into the horizon and subsequent radiation is mostly absorbed by the black hole. On the other 
hand, the behavior that Af(M) in ~ Af(M) out ^> p(M)" 1 for k < 1 or k < 3 does not seem to 
bear features present in the black hole background: while DO-brane falls inward, subsequent 
radiation is not mostly absorbed by the black hole but disperse away. Since this is the 
regime where the string world-sheet effects are significant, the background may be described 
most effectively in terms of strings. We are thus led to conclude that the background, whose 
stringy effects are controlled by the parameter k or k, would make a phase-transition between 
the black hole and the string across k — 1 or k — 3. In a different physical context, this 
so-called "black hole - string transition" was studied recently [961 1124j . What distinguishes 
our consideration and result from [96, 1124j is that we are probing possible phase-transition 
of the (closed string) background by introducing a DO-brane in it and studying open string 
dynamics. 

Possible existence of such a phase transition was first hinted in [I22J in the closed string 
sector, where they observed that the M = 2 Liouville superpotential becomes normalizable 
once k > 1 and it violates the Seiberg bound. Recall that the marginal interaction term is 

S ± = ^ e -^ ±lY) , (Q = ^pljk) (8.55) 

for the M = 2 Liouville theory, and 

S ± = e-^ivT+s^y) = e -VW^^Y ; (q = ^2/(^-2)) , (8.56) 

for the bosonic sine-Liouville theory, respectively. Both interactions are normalizable (ex- 
ponentially falling off in the asymptotic far region) if the curvature is sufficiently small that 
k > 1 or « > 3 is satisfied. As is well-known, M = 2 Liouville or sine-Liouville theory 
is T-dual to the SL(2;R)/U(1) coset theory [92l E21 E3 ES], so the condition on the level 
k or k ought naturally to descend to the two-dimensional black hole description. Indeed, 
such aspect was discussed in (HH] purely in the language of the S'L(2;R)/C/(1) coset theory 
(see also [Slj). Their reasoning is closely related to the non-formation of the black hole in 
two-dimensional string theory (see also [220] for the discussion concerning this issue from the 
matrix model viewpoint). In the strong curvature regime, k < 1, the background is described 
more effectively in terms of the Af = 2 Liouville theory as it is weakly coupled. Evidently, 
the black hole interpretation of the SL(2; ~R)/U(1) theory is less clear in this region, because 
the classical M = 2 Liouville theory does not admit an interpretation in terms of black hole 
geometry in any obvious way. 
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We emphasize that such black hole - string transition is not likely to arise perturbatively 
and could arise only from nonperturbative string world-sheet effects as we have reviewed 
in section [H] and HI For instance, tree-level closed string amplitudes are manifestly analytic 
with respect to the level k. These amplitudes exhibit a finite absorption rate (thus displaying 
the non-unitarity of the reflection amplitudes) regardless of the value of k. In fact, finite- k 
correction to the amplitudes yield an irrelevant phase-factor [75l I214j . 

However, as was first observed in [148J, situation changes drastically if we consider the 
closed string radiation from the rolling D-brane in such a background. In |148] , it was shown 
that the distribution of radiation off DO-brane in extremal NS5-brane background becomes 
ultraviolet finite for k < 1. In the previous section, extending the analysis of |148j . we have 
shown that the k = 1 transition shows up manifestly in the open string sector in the sense 
that branching ratio between the incoming and the outgoing radiation distribution (as well 
as spectral moments) behaves very differently across k — 1. Remarkably, retaining finite 
l//c-correction, which originated from consistency with the exact reflection relations, was 
crucial in obtaining physically sensible results even for k ^> 1. Cancellation between the 
radiation distribution and the exponential growth of the density of states at large M is quite 
nontrivial, and relied crucially on precise functional dependence on k. 

An 'order-parameter' of the transition is thus provided by the radiation distribution of 
rolling D-brane. The phase transition across k = 1 is that while the radiation distribution 
from the falling D-brane exhibits powerlike ultraviolet divergence for k > 1, it becomes finite 
for k < 1. Thus, the rolling D-brane in the k < 1 regime does not yield a large back- reaction 
unlike the k > 1 case. This is also consistent with the assertion that black hole cannot be 
formed in the two-dimensional string theory: It seems difficult to construct two-dimensional 
black hole by injecting D-branes to the linear dilaton (or usual Liouville) theory!"^! 

It is also worth mentioning that the radion-tachyon correspondence is likely to fail in the 
two-dimensional string theory (k = 1/2). In fact, had we have such a correspondence, the 
rolling radion of the DO-brane could be identified with the rolling tachyon of the ZZ-brane in 
the Liouville theory. On the other hand, it is known that the radiation distribution of the-ZZ 
brane exhibits a powerlike ultraviolet divergence [155] at leading order in string perturbation 
theory, while that of the falling DO-brane does not. 

8.3.2 holographic viewpoint 

The black hole - string transition across k = 1 also has a natural interpretation in terms of 
the holographic principle, as recently discussed in [124] . Adding Qi fundamental strings to 
k NS5-branes, one obtains the familiar bulk geometry of the AdS^/ C FT2-dualitj. In this 
context, the density of states of the dual conformal field theory is given by the naive Cardy 

formula S = ^\[^ + ^\[^ with c = <okQi for k > 1, but not for k < 1. Rather, 
the central charge that should be used in the Cardy formula is replaced by an effective one 
c c ff = 6Qi(2 — i) [122] . The similar effects also showed up in the double scaling limit of the 



'little string theory' (LST) [H21 ISB"] j 114 l We shall now show that such change of the central 



113 Such a possibility was proposed in [96] , 

114 Even though the original 'little string theory' is the theory of NS5-brane, so k should be positive integer- 
valued, one can also consider models with fractional value of the level fc, which is less than 1 generically. 
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charge is also imperative for reproducing the closed string radiation distribution correctly 
from the dual holographic picture. 

It is an interesting attempt to reproduce the phase transition in the radiation distribution 
of rolling D-brane across k = 1 from the holographic viewpoint. In [152] . it was proposed 
that the rolling D-brane should correspond to the decay of a certain defect in the dual LST. 
We shall now extend that analysis to the k < 1 case and explore the phase-transition. The 
relevant holographic description is based on the following two assumptions. 

1. fixed radiation number distribution : The radiation distribution for a fixed mass M 
is determined by large k behavior of the pressure in the far future (past). This is 
equivalent to the statement that the decay of the radion is described by a 'holographic 
tachyon condensation'. We assume that there is no phase transition at k — 1 for a 



fixed mass M ] 115 l In our convention, the distribution is given by 

jV(M)lst ~ e~ 2nM ^l . (8.57) 



2. change of density of states: The final density of closed little string states in the 'holo- 
graphic tachyon condensation' is given by the square root of the full nonperturbative 
density of states in LST. As is discussed in |124j . the full nonperturbative density of 
states of the LST is believed to exhibit a phase transition at k — 1: for k > 1, the 
density of states is related to the Hawking temperature as 

n(M) LST ~ e^v 7 ? . (8.58) 

In other words, the Hagedorn temperature in LST should be equated with the Hawking 
temperature [IIS] (see also, e.g. [2221 12231 [T2J I 

On the other hand, for k < 1, because of the non-normalizability of the black hole 
excitation, the nonperturbative density of states of the LST is equivalent to the density 
of states of the (dual) perturbative string theory [124] : 

n(M) LST ~ e^v 71 ^ . (8.59) 



With these assumptions, we can estimate the average radiation number of the 'holographic 
tachyon condensation' to be 

POO 

AT LST = / dMJV(M) a/ n(M) LST . 
Jo 

This is achieved by considering the wrapped NS5-brane backgrounds, or compactifications on a Calabi-Yau 
threefold having rational singularity [24 . From the regularized torus partition function, one can prove that 
there is no normalizable massless states (corresponding to the 'Lehmann-Symanzik-Zimmerman-poles' |221j ) 
in such string vacua if k < 1, as was discussed in e.g. [2TI 157] , 

115 Theoretically, there is no reason to exclude a finite 1/fc correction here. We only need this assumption 
phcnomcnologically in order to reproduce the ten-dimensional calculation even for k > 1. A priori, the 
tachyon condensation (in the critical bosonic string) itself may receive large string world-sheet corrections. 
In the Dirac-Born-Infcld action analysis, such potential corrections were completely dropped out. 
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Note that, in contrast to the bulk string theory calculation, we have no integration over the 
radial momentum. Substituting (18.571) and (18.581) or (18.591) according to the value of k, we 
obtain 

/oo 

for k > 1, showing powerlike ultraviolet divergent behavior because of the complete cancel- 
lation in the exponent, and 

/oo 

for k < 1, showing exponential suppression in the ultraviolet. It is easy to see that this 
holographic dual computation reproduces the bulk computation presented in section 18.1.11 
up to a subleading power dependence (18. 14j) . (18.161) I 116 

It should be noted, however, that the cancellation between the radiation distribution and 
the density of states has a different origin in the dual holographic description as compared 
to the bulk side. In the holographic description, the origin of the phase transition is the 
nonperturbative density of the states in LST while the radiation distribution at a fixed 
mass-level M keeps its functional form unchanged. On the other hand, in the bulk theory, 
origin of the cancellation was that the radiation distribution changes at k = 1 due to the 
disappearance of the non-trivial saddle point in the integration of the radial momentum p, 
while the density of states is always given by the same formula. Thus the agreement between 
the two descriptions is quite non-trivial and we believe that our results provide yet another 
evidence of the holographic duality for the NS5-brane and black hole physics. 

Though we presented the dual description based on some assumptions, we can turn the 
logic around and regard our results as a support for such assumptions. In particular the 
quantum gravity phase transition at k — 1 in the dual theory proposed in [124j is crucial 
for understanding the radiation distribution out of a defect decay in the dual LST. We thus 
propose our discussion in this section as a strong support for black hole - string transition. 



8.4 Boundary states and radiation in Ramond-Ramond sector 

In the case of fermionic black hole background, the rolling DO-brane would also radiate off 
closed string states in the Ramond-Ramond (R-R) sector. In this section, we shall construct 
R-R boundary state of the DO-brane and compute radiation rates. Since the world-sheet 
theory corresponds to M = 2 superconformal field theory, correlation functions of the R-R 
sector and boundary states are readily obtainable by performing the standard M = 2 spectral 
flow. 

We shall begin with discussion regarding properties of reflection amplitudes for the R-R 
sector (see |214] in the context of two-dimensional black hole). Recall that the reflection 
relation was given in the NS-NS sector as 



U-^p,tf s = n^(-p,u;)U^p,tr s and V^(p,tf s = ^ NS *(-P, u>)V*(p, t) NS , 



116 The exact determination of the pre-exponential power part is beyond the scope of the rough estimate 
presented here. It requires the full computational ability in the LST. 
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where the exact reflection amplitude 7Z m (— p, uj) was defined by 



A _r(i + f)r(+^)r 2 (i-^) 



r(i-f)rH P )P(| + ^) ' 

To obtain the reflection relation of the R-R sector, we shall perform the spectral flow by half 
unit of the jV = 2 U(l) current. 

In sharp contrast to the M = 2 Liouville theory, the reflection amplitude now depends on 
the spin structure of the R-R sector J^J Explicitly, the spectral flow is defined as uj — > uj ± i, 
where the + sign corresponds to spin (+, — ) states and — sign corresponds to spin (— , +) 
states (in the (|, |) picture): in the p — > oo limit, they are described by S ± e~ p e~ lpp ~ lu3t and 

the conformal weight is given by h = p +1 + |. 

Therefore, for the R-R states with spin (+, — ), the exact reflection amplitudes become 

n i . N r(i + f)r(+^)r 2 (i-^) , 

TZ R+ (p,uj) = — k ' V FJ V 2 — . 8.60 

Ky 1 r(i - f)r(-i P )r 2 (i +%^) v ; 

Equivalently, if we take spin (— , +) R-R states, the exact reflection amplitudes become 

n «- M = v^m^rtm . (8 . 61) 

It is important to notice that the latter amplitudes have a second order zero in the light-cone 
direction p = uj > (recall that p > in our convention). Similarly, we could derive the 
reflection relation for (±, ±) spin structure, but the resultant amplitudes are compatible only 
with the analytic continuation to the 'winding time' (in the interior of the singularity), so 
we would not delve into details anymore. 

Consider next the boundary wave function of the R-R sector. For definiteness, we shall 
take the absorbed DO-brane (I7.30p (We focus on the t = case for simplicity.) 

.„ ATO . r° dp f°° du T . 

absorb(-D,Nb;p | = / — / — W absorb:NS (p ; p, uj) {{p,uj\ 
Jo 2n J-oo ^ 

where 

^absorb:Ns(po;P,^) = T(T^ip) T { + J 



cosh(vr2^) .. 



cosh (vr2±^) 

The boundary wave functions of the R-R sector are then derived by applying the j\f = 2 
spectral flow uj — > uj ± i: 



^absorb:R+(Po;P,^) ^T, T~ — r 1 + — 



T(l — ip) \ k 



sinhfvr^) ^. 
+ sinh (vr^) 6 



117 This is because, in the J\f = 2 Liouville theory, the reflection amplitudes for the momentum modes have 
a symmetry under uj — > — u>. 
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and 



V 2 J +ippp 

S inh(7r2±^) J ' 

for the two opposite spin structures. These boundary wave functions are of course consistent 
with the exact reflection amplitudes fl8.60p . fl8.6ip . 

From these boundary wave functions, we can deduce some physical properties of the 
boundary states in the R-R sector: 

• For k > |, in the saddle point approximation of the radial momentum integral, radia- 
tion distribution of the R-R sector behaves the same as that of the NS-NS sector. In 
particular, the absolute value of the reflection amplitudes behave in the similar manner. 
Thus, the radiation distribution of the R-R sector is the same as that of the NS-NS 
sector. 

• For k — viz. the two-dimensional black hole, considerable differences arise. Both 
boundary wave function and reflection amplitudes show singularity (or zero) when we 
take particular spin structure. It is not clear what the origin of these singularities of 
lightlike on-shell states p — u would be. We note that some related discussions were 
given in [214J. 

• In the mini-superspace limit k — > oo, the mass gap in the R-R sector vanishes. There- 
fore, it is well-posed to question radiation of the massless R-R states off the R-R charge. 
From the boundary states given above, we observe that, assuming p, u > 0, there is no 
lightlike pole in R+ state while there is a pole at p — +u in the R— state. It is also 
interesting to note that, in the subleading contribution proportional to e +wo , the pole 
from the gamma function is cancelled by the zero in the sinnf^ 2 ^) factor. 

A possible interpretation is that, roughly speaking, R-R charge is localized on the 
incoming light-cone p = u)\ lls 



8.5 Back to extremal NS5-brane background 

By tuning off /i — > 0, we are back to the extremal NS5-brane background. Roughly speaking, 
the extremal background is described by the free linear dilaton theory, but crucial differences 
from the non-extremal counterpart studied in this work are the followings: 

• We have no reflection relation, and the p > and p < states should be treated as 
independent states] 119 

118 This is true only in the asymptotic region p — + oo since the distribution near p = is further related to 
the basis of Ishibashi states used in the expansion. In the case of 'absorbed' basis, there is no contribution 
from the past horizon. In addition, because the reflection amplitude vanishes in the R— sector, an observer 
at p — > oo do not detect any outgoing wave. 

119 In this sense, the arguments given in [207 are not completely precise, although the main part of physical 
results, say, the closed string radiation rates, are not altered. 
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• The conformal field theory description is not effective in the entire space-time: the 
string coupling diverges at the location of the NS5-brane. We cannot completely trace 
the classical trajectory of the DO-brane (I7.20p without facing strong coupling problem. 

We thus have to keep it in mind that the validity of the conformal field theory description 
of extremal NS5-brane is limited to the sufficiently weak string coupling region. 

For the extremal NS5-brane, since the relevant conformal field theory involves linear 
dilaton and hence is a free theory, we can introduce the basis of the Ishibashi states as 
\p,u>)), (p,w G K) associated with the wave function if) p (p,t) oc e ~P e ~ v PP- luJt , Another non- 
trivial difference from the non-extremal case is the volume form of the space-time. Since we 
have the linear dilaton $ = const — p and a flat metric Gij = rjij, the relevant volume form 
becomes 

dVol = e- 2 *y/Gdpdt = e 2p dpdt . (8.62) 

Now, the classical trajectory of DO-brane in the extremal NS5-brane is given by [145J: 

2cosh(t-t )e p = e p0 . (8.63) 

The boundary state describing the DO-brane moving along (18.631) ought to have the following 
form: 

-oo 27r J-oo 27r 

The boundary wave function is evaluated as 



V(p , t ; p, u) ~ J dv 5 (2 cosh(t - t )e p - e p0 ) e 



dte~ ippo e 



ippo —iiot 



2 cosh(t — t 



0) 



-p—ipp—iojt 
ip—1 



2 \ 2 2 ' 2 2 ' 



(8.65) 



In the last expression, we used the formula ( 1A.40I) . This is essentially the calculation given 
in [207] . Finally, by restoring the important 'world-sheet correction factor' T (l + J 120 l we 
obtain the boundary wave function 

*(p ,t ;P,u) = \b{v + ,V-)T + e-™-^ . where v± = \ - i V -^ , 

This is the extremal counterpart of the 'symmetric DO-brane' in the non-extremal NS5-brane 
background ( 17.36ft . 



120 Since in this case we do not have the reflection relation, the inclusion of the factor T (l may 
sound less affirmative than the nonextremal NS5-brane background. We argue that the procedure is actually 
justified by considering the limit from the non-extremal case. 
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We can also consider the 'half S-brane' counterpart by taking the Hartle-Hawking con- 
tours depicted in the Figures [TT] and H2J Namely, for the 'absorbed brane', we obtain 



, f T dp f°°dw f° dp f° duj\ T/ w/ , 

ab S orb(5;p ,^o| =1/ / / — / — I V(p ,t ;p,u;) ((p,w| , (8.66) 

and for the 'emitted brane', 

/ f°° dp f° du f° dp f°° du\ , 

emitted (-B;P0,*0 1 = [J 7^ + J 7^ J ^ I P, ^) ((?, W| . (8.67) 

They are regarded as the counterparts of (18.711) and (I8.72p . 



The radiation rates were already evaluated in [207[ [l~52jj 121 l Crucial differences from the 
non-extremal case are the followings: We have the 'forward radiations' (e.g., the incoming 
radiation for the absorbed D-brane (18.661) ) only and no 'backward radiations' (e.g., the 
outgoing radiation for the absorbed D-brane). This is because there is no reflection relation 
in the extremal case. The forward radiations behave in the completely same way as the 
non-extremal case (that is, in a fermionic two-dimensional black hole with k > 1), giving rise 
to the Hagedorn-like ultraviolet divergence again. At fixed but large M before integrating 
over p, the partial radiation number distribution takes again exactly the same asymptotic 
form as in (18. 12p except that now the coefficient 2n\/2k is not interpretable as the inverse 



Hawking temperature of the black hotel 122 ! Again, this has to do with the peculiarity that 
the Hawking temperature of the two-dimensional black hole is set by the level k, not by the 
nonextremality p. On the other hand, the absence of the backward radiation matches with 
the extremality of the background; there is no Hawking radiation. 



8.6 More on physical interpretations : Hartle-Hawking states 

We shall now revisit the boundary states we constructed in this work and elaborate further on 
their physical interpretations with particular emphasis on analogy with the rolling tachyon 
problem via the radion-tachyon correspondence. We also elaborate on the fate of R-R charge 
carried by the DO-brane. To be concrete, we shall focus on the cases k > 2 admitting 
interpretation in terms of near horizon geometry of black NS5 branes. 

The boundary state (I7.30p describes the late-time rolling (t t ) of the DO-brane rolling 
into the black NS5 branes. The relevant DO-brane has the initial condition p = p , -£ = 
at t = to and starts to roll down toward the black hole. After sufficiently long coordinate 
time elapsed, the DO-brane gets close to the future horizon (7i + ). As examined in section 
4, almost all energy of the DO-brane is absorbed by the black hole in the form of incoming 
radiation. The incoming radiation is dominated by very massive, and hence highly non- 
relativistic closed string excitations. Via the radion-tachyon correspondence, these states are 
identifiable with the 'tachyon matter' in the rolling tachyon problem in flat space-time. On 
the other hand, we have seen that a small part of energy escapes to the spatial infinity (X + ) 

121 In this paper, we scaled energy and momentum differently from [207] . In light of normalization as in 
(|8.9|) . uj,p in this work should be read as 2y/k times u>,p in |207j . 

122 An obvious alternative interpretation could be that, even for extremal background, the falling DO-brane 
excites the NS5-brane above the extremality. 
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as the outgoing radiation. We have seen that the spectral distribution is characterized by 
the Hawking temperature, and is necessarily dominated by light modes. This interpretation 
is quite natural from the viewpoint of the radion-tachyon correspondence for the extremal 
NS5-brane background |145j . Since we are now working with the non-extremal NS5-brane 
background, our analysis may be considered as an evidence that the correspondence is valid 
even at finite temperature. 

What about evolution in the far past t < i ? Here, we face a subtlety. Recall that the 
boundary condition defining (I7.30p does not allow contributions from the past horizon (H~), 
namely, the basis of Ishibashi states \p, uo)) u does not reproduce the past half of the classical 
trajectory ( 17.201) . Rather, the NS-NS sector of the DO-brane boundary wave function appears 
widely distributed in the space-time in the far past. This may be interpreted as radiations 
imploding to p = po from spatial infinity, but then it is subtle to trace the R-R charge carried 
by the DO-brane, created out of the imploding radiation. Classically, the DO-brane charge 
density ought to be localized along the classical trajectory (17.201) and hence emanates from 
the past horizon. Once stringy effects are taken into account, the charge appears to originate 
from asymptotic infinity along the light-cone coordinate. Complete understanding of this 
curious feature is highly desirable but we shall relegate it to future study. Here, instead, 
we present a simple prescription of avoiding this subtlety: a version of 'Hartle-Hawking' 
boundary condition. 

We shall first focus on the absorbed DO-brane boundary state (17.301) . Formally, by con- 
struction, we can regard the boundary wave function specified by the time-integration over 
the 'real contour' C = K as in (17.24)) . Now, let us discuss what happens if we choose the 
'Hartle-Hawking' type contour instead of the real contour, which connect the Euclidean time 
with the future or past half of real time axis at t = i : 

future = {t + « T ) U (t + R + ) , C^ t = (t„ + « T ) U (t„ + R_) . (8.68) 

More precisely, we should avoid suitably the branch cuts on £ + to render the integral 
convergent. See Figures [TT] and Q2] for details. The superscript + (— ) is associated with the 
positive (negative) energy sector. Note that the phase-factor e~ tuJt behaves well on the lower 
(upper) half of complex t-plane if to is positive (negative). Let us pick up Cf uture . Following 
the traditional interpretation of the Hartle-Hawking type wave function, we may suppose 
that both the DO-brane and black NS5-brane are created from 'nothing' at t — to, and then 
the DO-brane starts to fall down toward the future horizon along the classical trajectory 
( 17.20)) . In this prescription, the subtlety we mentioned above is completely circumvented. 

One may paraphrase the prescription as follows: choosing the Hartle-Hawking contour 
^future, we explicitly obtain 



HH+, absorb(-B; Po, t 

dp 
2^ 



J ^^symm(pO,^0;P,^) +J — TZ(p, u)^* symm (p , ~t ; p, Uj) ' 



((P> W I 



5.69) 



where ty syram (po,to;p,u)) is defined in (17.361) . In fact, by taking Cf utU re, we are only left with 
the IP W (-R^)-part of the one-point function for the u> > (u < 0) sector. See figure [TTJ 
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Figure 11: 'future Hartle-Hawking contour' : the red (green broken) line is the contour C^ tme 
for uj > (C f ~ ture for to < 0). The 'L' ('-R') contour should be used if calculating the overlap 
with LP(p,t) (RP(p,t)) for the convergence of integral. 
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Figure 12: 'past Hartle-Hawking contour' : the red (green broken) line is the contour C^" ast 
for u > (Cp ast for u < 0). 
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This boundary wave function is formally regarded as the limit of (17.301) under t Q — > — oo, 
p — > +00 while keeping |po|/|^o| finite. Note that the second (first) term oc e wp0 ~ luJt ° 
in (17.301) oscillates very rapidly in this limit for u > (u < 0) and hence 



oc e 



drops off J 123 l The limit just means that the DO-brane moving along the trajectory (17. 20ft is 
coming from the past infinity (X~), and falling into the future horizon (7i + ). Everything is 
supposed to be localized over the classical trajectory in this case. 

Adopting the past Hartle-Hawking contour C past for the boundary state of emitted DO- 
brane (17.321) is completely parallel. We take the time-reversal of the above: 



HH- 



, emit 
/■oo 



{B;po,t \ 



dp 
2^ 



^*symm(P0, -*05P,w) + 



TT^ K*(P, ^)^symm(P0, *o! P, w) 
.™ 27T 



(8.70) 



which is regarded as the to — * +00, p - * +00 limit of ( 1T.32H . It describes the trajectory 
of DO-brane emitted from the past horizon 7i~ and escaping to the future infinity I + . 

Let us turn to the 'symmetric' DO-brane (17.361) . Naively, it appears that the prescription 
is that 



HH+,symm(B; po, t \ 

f°° dp 



'0 



— 2^ 



Uo 



2tt 



symm 



(p ,t ;p,uj) L ((p,uj\ 



f° du 

J— oo *™ 



;p,u) R ((p,uj 



(8.71) 



for the future Hartle-Hawking contour Cf uture , and 



HH-,symm(B; P0) ^o| 
' 27T , n 



du; 



^ 2 #* (p ,-t ;p,^) fi ((p,^| + / ^-2^ symm (p ,t ;p,^)^(p,^ 



2tt 



do; 



2tt 



(8.72) 

for the past Hartle-Hawking contour C past . However, this cannot be the whole story. The 
existence of Euclidean part of the Hartle-Hawking path-integral enforces the boundary states 
to be expanded by the basis smoothly connected to the Euclidean ones, while \L^), \R^) do 
not possess such a property. Consequently, to achieve the correct Hartle-Hawking states, we 
ought to make further the projection to Ti u , (TC U ) for the contour Cf uture , and to H v , (H v ) 

123 More precise argument would be as follows: The disk amplitude for a wave packet e.g. 

I if I^f(P>^)\ L l) is evaluated as lim^+^t^^ f&f ^f(p,u)*{p ,t ;p,u). Then, the rapidly 
oscillating term in the boundary wave function ^(po, to; Pi w ) cannot contribute for any L 2 -normalizable wave 
packet f(p,u>) due to the Riemann-Lebesgue theorem. 
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for C past . We thus obtain as the correct Hartle-Hawking states: 

HH+ , absorb( B ] po , to 1 > 
HH-,emitted(B] Po,t \ , (8.73) 

where the right-hand sides are already given in (18.691) . (I8.70p . 

Remarkably, this feature resembles much that of the S-branes discussed in |213j . Namely, 
it was shown there that 

half S-brane = full S-brane with the Hartle-Hawking contour . (8.74) 

In our case, (17.361) corresponds to the full S-brane, while the Hartle-Hawking state (18.691) 
( f)8.70p ) is identifiable as the analogue of the half S-brane describing unstable D-brane decay 
(creation) process. The equalities (I8.73P suggest that we have roughly identical relation to 

tfBvHD. 

Notice that the parameters po, to appear just as phase factors of boundary wave functions 
in ( 18.69D . (I8.70P contrary to (17.301) . (I7.32p . Namely, the choice of parameters po, to does not 
cause any physical difference for the Hartle-Hawking type states : They all can be regarded 
as describing the DO-brane moving from I~ to 7i + (from to X + ) for (18.691) (for (18.701) ) 
irrespective of po, to- These two parameters merely parameterize displacing the trajectory 
in two-dimensional black hole background. Similar feature comes about for the full S-brane 
with Hartle-Hawking contour as well: It is equivalent to the half S-brane not depending on 
any shift of the origin (the point connecting the real and imaginary times). 

Finally, we remark a comment from the viewpoints of boundary conformal field theory: 
in contrast to the original ones (17.301) . (I7.32p and (17.361) . the Hartle-Hawking boundary states 
( I8.73P (or equivalently ( I8.69p . ( I8.70P ) are not compatible with the reflection relations. One 
may regard the boundary states ( 17.301) and ( I7.32p as the 'completions' of the Hartle-Hawking 
states ( I8.73P so that they satisfy the reflection relations. 



HH+,symm{B] Po,to\ — HH+, symm(-B; Po> to | Pu = 
HH-,syram(B] Po,to\ = HH-, symm(-B; P0; to | Py = 
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9 Conclusion and Discussions 



In this thesis, we have examined the exact boundary states describing the rolling D-brane 
in the two-dimensional black hole system. In this final section, we would like to summarize 
our main results and discuss their physical relevance. 

In the introduction, we asked three fundamental questions about the nature of the quan- 
tum gravity, or string theory as a candidate for the theory of everything: 

• Small charge black hole v.s. large charge black hole. 

• Analyticity v.s. non-analyticity in physical amplitudes. 

• Unitarity v.s. open closed duality. 

It would be natural to conclude this thesis by asking how far we can answer these questions 
after our studies on the rolling D-brane in two-dimensional black hole system. To answer 
these three fundamental questions, in this paper, we have constructed the exact boundary 
states describing the rolling D-brane in the two-dimensional black hole system (section [7]) to 
probe the quantum geometry. Our main results are 

• The tachyon - radion correspondence is proved for k > 1 by studying the closed string 
radiation rate from the a' exact rolling D-brane solution (section 18.11) . 

• The black hole - string transition is observed at k — 1 in the closed string radiation 
rate physical order parameter (section l8.3p . 

• The consistency between the unitarity and open closed duality is shown to be recovered 
after a careful treatment of the Wick rotation (section 18.21) . 

Although our model is rather a specific one, we can naturally extend our results to draw 
many universal features of the quantum gravity. In the rest of this section, we recapitulate 
our arguments and present some discussions with possible future directions to pursue. 

First of all, we have shown in section [H] that the total emission rate of the rolling D-brane 
into the two-dimensional black hole system behaves exactly same as that for the rolling 
tachyon in flat Minkowski space studied in section [5j This result strongly suggests universal 
features of the physics associated with the D-brane decay. 

The universality is an important concept in any physical system. In our decaying D- 
brane system, we have shown that the closed string radiation rate is independent of the free 
parameter k representing the level of the current algebra. Since 1/k correction governs the a' 
correction to the geometry, the physical quantity observed in the decaying D-brane process 
is independent of the stringy corrections. The classical tachyon - radion correspondence still 
holds even after introducing the stringy corrections independent of its strength (as long as 
k>l). 

Indeed, the universal behavior of the closed string radiation should be true from the 
following simple argument. The D-brane energy that should be released during the de- 
cay is always proportional to l/g s , so in the perturbative string computation, we expect a 
divergence in the radiation rate: otherwise we have to face the missing energy problem] 124 

124 At first sight, this viewpoint contradicts our computation that the higher dimensional D-brane shows a 
power-like finite emission rate (energy), but this is an artefact of the one-particle decay. 
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Furthermore the universality holds under almost every exactly solvable deformations of 
the model such as an inclusion of the time-like linear dilaton, electric field etc (see section 
I5]I8]) . In [139j . a similar computation has been performed in the AdS 3 space, supporting the 
universality of the decaying D-brane systems in yet another solvable background. We would 
like to emphasize again that our results do not depend on the level k which governs the 
strength of the world-sheet a' corrections as long as k > 1. This indeed provides a strong 
support for the tachyon-radion correspondence even at the quantum level. 

At this point, it is worthwhile mentioning Sen's open-string completeness conjecture [224, 
12251 1127j : There is a quantum open string theory (OSFT) that describes the full dynamics of 
an unstable Dp-brane without an explicit coupling to closed strings. Furthermore, Ehrenfest 
theorem holds in the weakly coupled OSFT; the classical results correctly describes the time 
evolution of the quantum expectation values. The tachyon-radion correspondence directly 
results in the same conjecture for the rolling D-brane system. The smeared trajectory (or 
"moss" around the rolling D-brane) we observed in our rolling D-brane system with exact 
a' correction is an interesting twist to this conjecture. 

Secondly, we have shown that the interplay between the analyticity and non-analyticity 
of the physical amplitudes are crucial to discuss the black hole - string phase transition. The 
integration over the radial momenta, which at the same time is crucial to prove the tachyon 

- radion correspondence, introduces the non-analyticity in the physical observables, resulting 
in the phase transition. 

More precisely, we have directly observed the black hole - string phase transition from 
the exact boundary states for the probe rolling D-brane in the two-dimensional black hole 
background. The phase transition occurs exactly when the Hawking temperature of the two- 
dimensional black hole coincides with the Hagedorn temperature of the string background as 
we decrease the charge of the two-dimensional black hole (level of the current algebra). Below 
the phase transition point, the physical interpretations of the SL{2; R)/U(l) coset model as 
a black hole geometry break down and become obscure. Our results show that the tachyon 

- radion correspondence fails at the phase transition point, and the physics associated with 
the D-brane decay changes drastically. 

Indeed, as we have shown in section [HJ a drastic change occurs when we study the 
dynamics of rolling D-branes in the two-dimensional black hole with k < 1. From the 
arguments given in section HJ we expect "black hole - string transition" . This transition is 
subtle even from the exact CFT analysis because in deriving every formulae in the closed 
string scattering amplitudes, we assume an analyticity in k. How can we probe the "black 
hole - string transition" with respect to k when the amplitude is analytic in kl In the 
open string channel, k dependence is also analytic in the amplitudes as well. However, if 
we compute the physical quantities such as closed string emission rate, the non-analyticity 
with respect to k emerges. In this way, we have succeeded in probing the "black hole - string 
transition", as an emergent phase transition, by studying the rolling D-brane dynamics in 
the background. 

It would be interesting to note that not every D-brane can probe the "black hole - string 
transition". As we have seen in section (15.2.5!) . the decay of the unstable DO-brane in the 
Euclidean two-dimensional black hole does not show any "black hole - string transition" at 
k = 1. The decay rate of unstable D-branes shows a universal property irrespective of the 
value of k. We do not have a good physical explanation of this phenomenon at this moment, 
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but it would be interesting to give a further study and determine which objects can probe 
the phase transition. 

In the Euclidean signature target-space theory after the analytic continuation, the phase 
transition is induced from the non-perturbative a' corrections related to the winding-tachyon 
condensation. In the original Lorentzian signature target-space, one might understand it as 
a thermal (winding) tachyon condensation, or in the real time picture at the phase tran- 
sition point, we would encounter associated (local) Hagedorn divergence of the black hole 
thermodynamics. 

It is natural to expect that our results on the string - black hole phase transition is 
rather robust and universal. Indeed, the transition is barely affected under various marginal 
deformations of the solvable model such as incorporation of the linear dilaton or the electric 
field. It would be interesting to extend our analysis to more realistic higher dimensional 
black hole systems realized in superstring theory]; 
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Philosophically, the concept of the phase in the quantum gravity is rather obscure. We 
know that in smaller dimensional field theories or in finite size theories, there is no notion 
of the phase transition. What happens, then, if the dimensionality or size of the universe 



fluctuate as is supposed to be the case with the quantum gravity^ 126 ! Our study only touches 
a possible hidden nature of the phase transition as non-analytic behaviors of the physical 
quantities (not amplitudes themselves). It would be worth studying further the potential 
origins of the non-analyticity in physical quantities in more general situations. 

So far, we have restricted ourselves to g s — > limit throughout this thesis, but finite 
g s effects cannot be neglected in any realistic string theory. It is natural to assume that 
the finite g s effect sets a cut-off for the emitted closed string energy because it cannot emit 
energy greater than the tension of the decaying D-brane ~ l/g s . Therefore, the emission 
rate roughly behaves as 

V9* 



7V~y ddMN(M)^p( c \M) (9.1) 

with an explicit cut-off at l/g s . This also means that the radial momentum p/yk should be 
less than l/g s . Does this constraint smoothen out the phase transition? The saddle point 
approximation is not accurate as M becomes smaller, so we expect that the phase transition 
becomes smooth as we introduces g s corrections. This is consistent with the statement that 
the "black hole - string transition" is actually a "black hole - string crossover" . 

We have constructed several boundary states for the rolling D-branes in the two-dimensional 
black hole system. The failure of the uniqueness is physically relevant because in the time- 
dependent problems in string theory, the boundary conditions should be always imposed in 
accordance with the physics we are interested in. Mathematically, the different choices of 
the contour integration give rise to different physics. The tachyon - radion correspondence 
beautifully connects different solutions (contours) of the rolling tachyon with those for the 
rolling radion. 



125 Recently, the black hole - string transition has been studied in the context of AdS^ / 'C 'FT4 correspondence 
in [225] . 

126 A good example is the de-Sitter space, where the quantum gravity is supposed to consist of finite degrees 
of freedom. 
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For the absorbed D-brane boundary condition studied in section \7.2.2\ the dominant 
infalling closed string radiation (at the Hagedorn temperature) accompanies the outgoing 
closed string radiation (at the Hawking temperature). The existence of the anomalously 
small outgoing radiation originates from the boundary condition imposed at the horizon. 
This reminds us of the closed string Hawking radiation discussed in section I2.4L Combining 
the discussion given in section I8.1.4[ we can see that the origin of the thermal-like behaviour 
of the rolling D-brane radiation is closely related to the boundary condition imposed on the 
wavefunction (Ishibashi states). It would be interesting to make more precise the relation 
between the boundary conditions imposed on the string theory and the apparent anomaly 
as Hawking-like radiation. 

Finally, we have discussed the consistency between the unitarity and the open-closed 
duality in the radiative process for the decay of unstable D-brane and rolling of accelerated 
D-brane dynamics in section 15.21 and 18.21 respectively. From "ab initio" derivation in the 
open string channel, both in Euclidean and Lorentzian world-sheet approaches, we have 
found heretofore overlooked contribution to the spectral amplitudes and observables. The 
contribution is fortuitously absent for decay of unstable D-brane, but is present for rolling 
of accelerated D-brane. We have shown that the contribution is imperative for ensuring 
unitarity and optical theorem. 

Our notion of the unitarity is rather specific, so we have not discussed more fundamen- 
tal questions e.g. about the unitarity of the quantum black hole systems associated with 
Hawking evaporation. The information paradox of the black hole system should be resolved 
within the contex of the string theory if it is really a fundamental theory of everything. 

These three questions raised in this thesis are basic but profound ones that people might 
first come up with when they would like to discuss the fundamental properties of the quantum 
gravity. We have attacked them from the concrete examples of the exactly solvable string 
black hole background. At this moment, we do not have complete answers to these questions 
in the tremendously huge string landscape, but we believe that our little step in the small 
corner will ultimately lead to their final answers. 
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A Appendices I: Conventions and Useful Formulae 



A.l conventions 
world-sheet 

In this thesis, we use (— , +,+,••• , +) conventions for target-space metric signature. For 
the world-sheet coordinate with Lorentzian signature, we use — oo < r < oo and < a < 2tt 
(a + 2n ~ a). The light cone coordinate is defined as 



a + = a + t 
ct_ = a — t 

We abbreviate their derivatives as d+ = -J^— and <9_ = -J^—. 

On the other hand, the complex coordinate on the complex plane is defined as 

Z = X\ + iX2 

z = xi — ix 2 



(A.l) 



(A.2) 



We abbreviate their derivatives as d = and 3 = JL The integration measure is given by 
dz 2 = dxidx2- 

Throughout this thesis, we use the convention a' = I 2 = 2 as long as otherwise stated. 
However, in several places, we explicitly write down a' for reader's convenience to compare 
our results with those in literatures, where different conventions are sometimes used. 

theta functions with characteristic 



9 (t,v 
0i(r,v 

7](T 



4 (t,v) = JJ(1 - g m )(l - zq m ~ 1/2 )(l - z- l q m - l/2 ) 

m=l 

oo 

-2g 1/4 shi7TO Y[ (1 - q m )(l - zq m )(l - z~ x q m ) 

m=l 

oo 

2q l ' A costto JJ(1 - q m )(l + zq m ){l + z~ x q m ) 

m=l 

oo 

J] (1 - q m )(l + ^g m - 1/2 )(l + z-\ m - x l 2 ) 

m=l 

oo 

? i/M n(i-? ffl ), 



m=l 



where q = exp(27rir) and z = exp(2iriv). Their S'-modular transformations are 

9 (-1/t,v/t) = {-it) 1 ' 2 exp(niv 2 /t)9 2 (t,v) 
9 1 (-1/t,v/t) = -(-ir) 1/2 exp(7rw 2 /r)^i(r,w) 
2 (-1/t,u/t) = (-ir) 1/2 exp(niv 2 /t)6 (t,v) 
9 3 (-1/t,v/t) = (-ir) 1/2 exp(niv 2 /t)9 3 (t,v) 
V (-1/t) = {-irf/^ir) . 



(A.3) 



(A.4) 
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The theta functions satisfy the following Riemann quartic identity: 

4 4 4 4 4 

2 n ^ o = n ^ ^ - ii °*{r, Va ) - n ^ {T, V a ) + l[6i(r,v a ), (A.5) 

a=l a=l a=l a=l a=l 

where 

2v[ = Vi + V 2 + V 3 + v 4 , 2v' 2 — Vi + V 2 — v 3 — v 4 , 

2v' 3 = v\ - v 2 + v 3 - v A , 2v' i = vi — v 2 — v 3 + V4 . (A. 6) 

As a corollary, we obtain the abstruse identity of Jacobi: 

6*(t, v) + 6 2 2 (t, v) = 9l(r, v) + el(r, v) . (A.7) 

Hypergeometric functions 

Gauss's hypergeometric function is defined as 

F(a h a 2] b- z) = a 2l b;z) = £ , (A.8) 

i=o \ > l 

where 

a , = -A— -1 . A.9 
r(a) 

The analytic continuation of the hypergeometric function is defined by 

F(a, (3; T , z) = ~ a \ (-z)- a F(a, a + 1 - 7 ; a + 1 - ft 

+ r! 7 !r^~m (^)^ F ^ /3 + 1 - 7; /3 + 1 - a; 1/z) , (A.10) 

F(a, ft 7; *) = l^lZf ~ "^ (a, ft a + /? + 1 - 7; 1 - *) 
r(7-/3)r(7 - a) 

+ r(7) r^Xm~ 7) ( 1 ~ ^) 7 """ /3ir (7 ~ a, 7 - A 1 + 7 - a - ft 1 - 2flA.ll) 

If7 = a + /5 + m with a certain integer m, the above formula should be modified due to the 
logarithmic singularity at z — 1. In a particular case (m = 0), which is interesting to us, the 
modified formula [227] reads 

F(a, ft a + ft z) = g - log(l - *)](! - zf , (A.12) 

where /i^ = 2ip(n + 1) — ip{a + n) — ip((3 + n) with ip(z) = y^f^- 



152 



We also introduce the generalized hypergeometric function 

3 F 2 (a 1 , a 2 , a 3 ; h, b 2 ; z) = > — 7rV7TT\ IT > ( A - 13 ) 

whose asymptotic expansion (as z — > oo) is given by 

3^2(01,02, 03; &i,&2, 2;) 

r(a 1 )r(a 2 )r(a 3 ) ^ n? =1 r(6,-a fe ) 1 ; L 1 n K } 

A. 2 SL(2;M) current algebra 

We will collect useful facts about the SL{2; R) current algebra and fix our notations. We 
begin with the zero mode. Our conventions for the commutation relations of the SX(2;R) 
algebra are 

[J 1 , J 2 ] = -a 3 , [J 2 , J 3 ] = a 1 , [J 3 , J 1 ] = *J 2 . (A.15) 

We will also introduce 

J ± = J l ±iJ 2 , (A. 16) 

which gives 

[J 3 , J±] = iJ* , [J+ J-] = -2 J 3 . (A. 17) 

The quadratic Casimir is defined as 

C 2 = (J 1 ) 2 + (J 2 ) 2 - (J 3 ) 2 = -j(j - 1) . (A.18) 

We summarize the unitary (irreducible) representations of the SL(2; R) algebra parametrized 
by j 

1. Principal discrete representations (highest or lowest weight states): they contain the 
state that is annihilated by J + or J~ respectively. Their modules are generated as 

D + = {\j;m) :m = -j,-j + 1, -j + 2, • • • } , (A.19) 

and 

D- = {\j;m):m=j,j-l,j-2,...} , (A.20) 

obtained by acting J~ or J + on the highest or lowest weight state. The representation 
is unitary when j < — |. 
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2. Principal continuous series: they are realized by 

Cf = {\j, a; m) : m = a, a ± 1, a ± 2, • • • } (A.21) 

where J 3 \j, a;m) = m\j, a;m). Without loss of generality, we take < a < 1. The 
representation is unitary when j = — 1/2 + is with s G R + . 

3. Complementary representations: similar to the continuous series but with real j. They 
are unitary when — 1 < j < —1/2 and — j — 1/2 < \a — 1/2|. 

4. Identity representation: this is the trivial representation with j = —1. 
Let us move to the affine current algebra SX(2;R). The relevant OPEs are 

j W(0) ~ ±^(0) . (A.22) 

(o) ~ ^ - fi 3 (o) 

Corresponding affine Lie algebra is given by 

rj3 j3i = _k 
r j3 j±i = ±J ± 

[J+, J-] = -2J n 3 +m + kn5 m - n . (A.23) 
The energy momentum tensor is given by the Sugawara form: 

T(z) = ^ Sr./ 1 • //-//)(:) (A.24) 

6 



-2' 



with the central charge c = 3 + - 

We summarize the characters of the unitary representations of SL(2; R) current algebra. 
The character is defined as Trq L °y J o with q = e 2mT , y = e 2 ™. 

1. Principal discrete representations (highest or lowest weight states): the characters can 
be written as 

^ ■ (A.25) 

2. Principal continuous series: the character is given by 

XsAr,u) = ^J2y n+a - ( A - 26 ) 

' V / »i c ^ 
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3. Complementary representations: the character is given by 



K-2 



xUr,u) = q -^ r J2y n+a - (A.27) 



4. Identity representation: the character is given by 

^H^T)y-V\\-y) 

Xo{r,u) = i — r . A.28 

Oi{t,u) 

It is possible to construct more general representations of the current algebra by using 
(n-units of) the spectral flows 

3m 3m - 2 n( W > 3m ~* 3 m ±n > L m -> L m + nf m - ^n 2 6 mfi . (A. 29) 

Unlike in the case of the compact group, we actually obtain new representations, but 
their conformal dimensions are typically unbounded below. 

A.3 Coordinate on SL(2;R) 

The Euler angle parametrization g(r,t,<p) G SX(2;R) suitable for the Euclidean coset is 
given by 

i(Tl t-<t> r<72 iai i+± _ ( cos £ cosh r — sin (ft sinh r cosh r sin £ + cos sinh r\ , 

cosh r sin £ + cos sinh r cos £ cosh r + sin sinh r J ' 

where < £ < 27r, < r and < </> < 27r for the single cover of SL(2\ R). 

On the other hand, for the Lorentzian coset, a useful Euler angle parametrization g(r, tL, £r) 
is given by 

e ^t Le r„ e a 3 t R = f e^ +tR cosh r e**-** sinh r \ 

\e <L+ * fl sinhr e <L * fl coshr/ ' 
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where £l and £# are noncompact 

To connect it with the AdS$ space, it is customary to introduce the parametrization 

(/^>0 _|_ ^,2 ^,1 _|_ /^^\ 
x 1 — x 3 x° — x 2 / (A. 32) 

so that we can see the SL(2; R) group as a hyperbola 

(x ) 2 - (x 1 ) 2 - (x 2 ) 2 + (x 3 ) 2 = (A.33) 
embedded in Minkowski 3 ) with signature (— , +, +, — ). 



7 The parametrization does not cover the whole SX(2;R) manifold. 
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A. 4 Frequently used formulae 



r(z + 1) = zT(z) . (A.34) 

T(z)T(l - z) = . (A.35) 

sm nz 

r 4 + *> r 4-*> = ^- < A ' 36) 

T(2z) = (2Tt)- l/2 2 2z - ll2 T(z)T(z + 1/2) . (A.37) 

tfa - = V 2 ' y 2 ' . A.38 

o Vx 2 + a 2 2v^F v ; 

— 

/ 2 (2cosflr-¥ be dfl = 7T ( " } , (Rea>0, |Refo| < Rea + 1) , (A.39) 

2 cosh t f-^^dt = -B[ -I— , = ^ — ^ ^ , 

oc v ; 2 V 2 2 '2 2/2 T(l-a) 

(Rea<l, |Imfe| < 1 - Rea) . 

(A.40) 

The integral (lA.40j) follows from the more general formula: 

rcj^^ t= B ^ a a\ {p>0t Re ( p± *\ >oh (A . 41) 

Jo cosh^Ot) V P P/ \ PJ 

given in [22 7J. 



A.5 Proof of flPQ ) and (E30) 



Here we would like to evaluate explicitly the integral (16 .30 j) for any p (strictly speaking, we 
need to assume sinh p > 1). We begin with series expansion of the hypergeometric function 

^/l ip + n 1 ip — n cos 2 6* 



2 2 2 2 sinh p , 

^ rgp + i) r(| + ^ + £)r(| + ^ + £)(_!) w cos g \ 2£ 
£^r(± + ^)r(± + ^) r(^ + i + £) i\ \smh Po J 1 ' ' 

Using the formula (IA.390 . we can perform, in the £-th sector, the integral (I6.30P as 

= 9® P Me»*(co8e)*-M = -^L • = ^P-i + 2i + i) 

2 »p- 1 + 2< r(i + ^ + ^)r(i + £+^) 
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where g(£) refers to 



t\ r(i + ^)r(| + ^) r(i P + i + 

Then the total integral (16.301) is 

7T rgp + i) i rgp + 2g 

^ £ ~ 2^- 1 (sinhp ) i Pr(i + ^)r(i + ^) ^ £! 2^(sinhp )^r(zp+l + £)' 

(A.44) 

We can rewrite the summation into a hypergeometric function by using 

r(ip + 2 , ) = ^ r (| + A r (i + f + /) . (A . 45) 

and then obtain 

f> _ A r(f)r(i + f) /jg i + v.fo + i. ^ fA 46) 

j^ 1 (sinhp )^r(I + ^)r(I + ^)^ U'2 + 2' iP+i ' sinh 2 po; 1 ' 
Making use of the formula 

F (2a, 2P;a + P + ^;zj = F (a, 0; a + (3 + ^; 4z(l - z) J . (A.47) 

kl<2' kC 1 -*)!^ 

we find that 

V = r^v /^l^. F ( i P , ip+ljp+l-l- C ° sh /° ) . (A.48) 
^ (smhp )^r(| + ^±«)r(| + ^) V 2 2smh Po ; v ; 

Note that the second and third arguments of the hypergeometric function are the same. The 
function is thus simplified as 

because of the relation 

(1 - zf = F(-a, P; P; z) . (A.50) 

In this way, we finally obtain 

Y* t = v^ e -wo 2 iP r (f)r(| + f) = ^rTgp) 

and this is the desired formula. 
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In a quite similar manner, we can prove (16.401) . We begin with series expansion of the 
hypergeometric function in 4> pw (p,9): 

„ ( 1 ip + kw 1 ip — kw cos 2 9 

f \t; + — , o + — ; w + 1; 2 



2 2 2 2 cosh r 0/ 

y> r(zp + i) r(| + ^ + i)r(| + ^ + i) 1 / C o S e \ 2£ 

Using the formula ( 1A.39I) . we can perform, in the £-th sector, the integral (I6.30p as 

where g(£) refers to 

Then the total integral (16.301) is 

y>, r r(jP + i) y^i i r(z P + 2£) 



2 i P- 1 (coshr ) i Pr(| + ^^)r(| + ^p) ^ 2 2£ (cosh r ) 2 ^ + 1 +£)' 

(A.54) 

We can rewrite the summation into a hypergeometric function by using 

r(ip + 2£) = ^^r(^- + £]r(l + % + e] . (A.55) 



> v 2 / V 2 2 

and then obtain 

^ (coshr )^r(| + ^)r(i + ^) V 2 2 2 'cosh 2 r y V ; 

Making use of the formula 

F ^2a, 2/3; a + /3 + ^;zj = F (a, (3; a + (3 + ^; 4z(l - 2) J . (A.57) 

we find that 

V^ £ = - — ^— — V 2 ; 12 2J F f ip,ip + l,ip + l;-(l -tanhro) | . (A.58) 

^ (sinhr )^r(| + ^)r(| + ^) V 2 V 

Note that the second and third arguments of the hypergeometric function are the same. The 
function is thus simplified as 

F (ip, ip + l,ip + 1; ~(1 -tanhr ) J = (2e" r ° cosh r ) w , (A.59) 
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because of the relation 

(1 -z) a = F(-a, (3; (3; z) . (A.60) 

In this way, we finally obtain 

£=0 1 V2 2 / V2 2 / V2 ' 2 / V2 2 / 

(A.61) 

and this is the desired formula. 



B Appendix II: Miscellaneous Topics 



B.l Partition functions 



The modular invariant torus partition function is of critical importance in closed string 
theory to read the spectrum of a given background. In this appendix, we collect partition 
functions of several CFTs that are relevant for our discussions. 

Our main focus is the partition function for the Lorentzian two-dimensional black hole. 
The partition function for the two-dimensional black hole, however, suffers some subtleties 
because of the Lorentzian signature of the target space and the divergence coming from the 
non-compact target space. 

With these subtleties in mind, our starting point is the (twisted) partition function for the 
HEj model. For a time-being, we restrict ourselves to the bosonic CFT. Since the Euclidean 
action is bounded, the direct path integral computation is possible [2281 [229J . For the vector 
gauging 



dge 



e T 2 



For the axial gauging 



v^iMI 2 ' 



g T 2 T 2 



^i(r,«)| 2 



^B.62) 



^B.63) 
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In the u — > limit, both expressions coincide and (formally) modular invariant 

The partition function for the Euclidean two-dimensional black hole from the axial coset 
of the M% model (denoted by H+ {A) / K ) is 



du 2 



e T 2 



s t 2 y/vi\0i(T,u) 



rMr)\ 2 e 



\lot~ m+u\ z 



^B.64) 



128 Because of the divergence as u — > 0, these expressions contain rather poor information to read the 
spectrum (e.g. the partition function is k independent). Actually, the resurrection of the k dependence 
is one of the key issues to extract contributions from the discrete states and give the improved unitarity 
bound. In order to do this, we should actually know the central charge of the model independently since the 
torus partition function does not know a priori the shift of the central charge coming from the linear dilaton 
coupled to the curvature of the world-sheet. 
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where the integration is over the Jacobian torus ds\ ds 2 with u = S\T — s 2 . The 
appearance of the (twisted) partition of the compactified boson (with radius R 2 = k) 



ZvkM = V^\v(r)\ 2 £ e-t I— ^ (B.65) 



suggests an asymptotic geometry of the cigar (with the same radius). Note that the sum- 
mation over m, to can be combined into 



/ du e T 2 T 2 1 1 , , , mo 



Due to the fact that M% A) /R = SL(2;R)^/U{1), one can interpret ffETBIi) as the partition 
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function of the SL(2; R)^ /U(l) axial coset model, 

The partition function for the Lorentzian coset is rather subtle, and we should resort 
to analytic continuations. Instead of gauging compact subgroup generated by J 3 , we gauge 



the noncompact subgroup generated by J 2 . Effectively, we can Wick rotate J 3 — > iJ 3 
The axially J 2 twisted partition function for (the universal cover of) SX(2;R)^l could b< 
obtained from the analytic continuation (u — > iv) as 

& 



Z° aT ->(t,v) S J d 9 e-°,,- •« v = ^_ mT v)? . (B.67) 

The partition function for the Lorentzian two-dimensional black hole (after an analytic con- 
tinuation) could be written as 



„3(A) , 



= / T = \ftl — '■ M2 ^Ht)\ 2 , (B.68) 

which agrees with the proposal made in [230] from a different perspective. 

129 In the Euclidean axial coset model, there is no distinction between the single cover of 5L(2;K) and the 
universal cover of the SL(2; R). 
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B.2 T-duality and Buscher's rule 

We summarize Buscher's rule |231[ 1232] for T-duality: 

1 



Goo 
Boi 



Goo 

Goo 
Goi 

Goo 

GoiGoj — BoiBoj 



Gij — Gij 

^oo 

f, tj GoiBoj — BoiGoi 

ID in -DiH 



'13 — ^ij n 



00 



$ = $ - - log ( ) , (B.69) 



4 \Goo 
where is the direction to be T-dualized. 

B.3 J\f = 2 superconformal algebra and spectral flow 

OPEs for the M = 2 SCA are summarized as 

T(z)T(0) ~ + -^(0) + -^T(O) 

T(z)G ± (0) ~ r^G ± (0) + -dG ± (0) 

2z A z 

T(z)J(0) ~ + -dJ(0) 

z z z 

G+(z)G-(0) ~ |^ + ^J(O) + -T(0) + -<9J(0) 



3z 3 



G ± (z)G ± (0) ~0 
J(^)G' ± (0) ~ ±G ± (0) 

J(z)AO) ~ ^ ■ (B.70) 



161 



Correspondingly the mode expansion yields 





= (m - n)L m+n ^ 


C / 3 

(m - 

12 v 


\L m , 1 


= (? - Gt +r 
V 2 / m+r 










{G^, G s } 


= 2L r+s + (r - s) 


T L c / 


{G r , Gf} 

\Jni G r ] 


= 

U/^± 











2 - \ 1 " 



(B.71) 

where r, s are integers for the R-sector and half-integers for the NS-sector. The M = 2 
superconformal algebra admits an isomorphism known as spectral flow: 



2 

77 C 

U v L m U~ l -> L m + r/ J m + -g-^rn, 



7-7" fl±TJ-l (1± 

U v J rn U rj 1 — > J m + ^5 mj o • (B.72) 
The explicit form of the unitary operator U v can be obtained by 

U v = e"*^ , (B.73) 

where 

J = . (B.74) 

B.4 Lichnerowicz obstruction and a-theorem 

In this appendix, we show that an apparent violation of the a-theorem for the gauge theory 
living on the D3-brane at the tip of the Brieskorn-Pham singularities are avoided by the 
Lichnerowicz obstruction we reviewed in section 12.2.31 Let us consider the Brieskorn-Pham 
type generalized conifolds 



x 



+ x k 2 2 + k* 3 + k\' = . (B.75) 



Assuming that the Reeb vector (conformal U(1)r charge) is given by the natural C* 
action induced by the charge vector (1/ki, l/k 2 , 1/&3, I/&4) on (x±, X2, x$, X4), the volume of 
the associated Sasaki-Einstein manifold can be computed as 



V = * - . (B.76) 
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The conjectured a-theorem states that a, which is inversely proportional to V via AdS—CFT 
correspondence, should be an decreasing function as we decrease ki as a relevant deformation. 
The condition is equivalent to 

-F + r + r + r- 1 ' (R77) 

M K2 £4 

for h\, and similarly for &2, &3 and £4. 

On the other hand, the Lichnerowicz obstruction applied for the generalized conifold is 

J2 1 ^ 1 + 3uj ™ > ( B - 78 ) 



where u m is a charge of holomorphic functions on flB.4[) . As a holomorphic function, we 



choose a monomial Xi that has a charge l/A;,. Then the Lichnerowicz obstruction ( IB. 781) 
directly yields the necessary and sufficient condition for the conjectured a-theorem ( IB. 771) . 



Physically speaking, this suggests that the unitarity of the SCFT is crucial for the establish- 
ment of the a-theorem as is the case with the two-dimensional c-theorem, where the unitarity 
is imperative for its proof. 



B.5 Boundary wavefunction from direct integration 

We would like to compute the boundary wavefunction for the rolling D-brane in the Lorentzian 
two-dimensional black hole from the direct integration, which was not carried out in pQ. 
We focus on the overlap between the minisuperspace wavefunction 

U?(p, t) = - _ r }jd-ip) e ~^( sinh P)~** F (v+, 1 - <w; - smh 2 p) , (B.79) 
and the classical trajectory 

cosh(t) sinh(p) = sinh(p ) . (B.80) 
Explicitly, we would like to evaluate the integral 

ty(p,uj)= / sinhpdsinhp / dtd (cosh(t) sinh(p) — sinh(p )) U%(p, Q) 
Jo J -00 



dt s -^m P (p ,t),t) . (B.8i) 

cosh t 



After expanding the hypergeometric function as 



1 ip iuj 1 ip iu sinh 2 p , 

F(- - — -—,- + — - —;1-iuj, 



2 2 2 '2 2 2' ' cosh 2 t 



r(|-f -f + or(| + f -f + i) 



X 



r(i -iu + i) 

1 ° 1 . r .^ . . . (R82) 

r (|-f -f) r d+2 -f) ^cosh 2 4 1 ' 
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the integration over t is possible by the formula 



2cosht) a - 1 e iW dt = -B ( - 



1 



i a + ib i o_i 6 \ _ir(i-*t*)r(§-*=*) 



After collecting terms by using the duplication formula 



T(l -a) 



v^r(2/ + 2 - iw) = 2 2i+1 — r(2Z + 1 - y)r(2/ + 1 - ^; 



^B.84) 



we obtai 



*(p,w) 



sinh p 
2 

X 3^2 



1 V 2 2 2 / V2 ' 2 2 ) 



2 ^ V2 2 



r(-zp)r(i '- j,r,:J> 

ip iuj 1 zo; 



1 ip iu 1 ip zo; icu 3 icu sinh p 
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Here we have introduced the generalized hypergeometric function 

(ai)j(a 2 )j(a 3 )^ 



} F 2 (ai, a 2 , a 3 ; &i, &2; z) = ^ 



z=o 



(bMb: 



2)1 



l\ 



where 



Wi = 



T(a + l) 
T(a) 



[B.85) 



[B.86) 



(B.87) 



Let us discuss a particular limit of our boundary wavefunction (1B.85I) . We take the limit 
p — ► oo to see the connection to our previous results [T]. To see this, we use the asymptotic 
expansion formula 

3^2(01, a 2 ,a 3 ;b 1 ,b 2 ; z) 

r(60r(6 2 ) » r(o fc )n 3 W fc (%-q fc ) ( z) - a , [x + 



r(ai)r(o 2 )r(o 3 ) 



fc=i 



fB.88) 



In this limit, we see that it asymptotically approaches to our previous results 



lim V(p,u) = B(u+,u-)r(l + y- 



-'Wo 



COSh (TTgg 

cosh (vr^) 



^B.89) 



So importantly, our previous results coincide with the direct evaluation of the overlap only 
in the limit po — > 00. 

Another interesting limit is to take po — > 0. If we further specialize in the zero energy 
overlap (i.e. u = 0), we have 

lim tf(p,0) = -sinhpo ;. 2 , . 2j , (B.90) 
po->o 1 (— zp) 

which coincides with the zero- winding sector of the DO-brane in the cigar (up to sinhpo), 
which is quite expected, given the origin of the minisuperspace calculation. It would be 
interesting but seem very difficult to compute the emission rate for general po- 
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Presumably up to a numerical factor. 
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